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The properties of cold ion plasmas with large numbers ��200� of laser- and sympathetically cooled species
are modeled in detail using molecular dynamics simulations. We describe how to extract temperatures and ion
numbers from CCD images. The identification of the ion species by excitation of their oscillation modes is
discussed. The sympathetic cooling efficiency, effects of the rf micromotion and of collision heating by a
neutral background gas are analyzed, in part experimentally.
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I. INTRODUCTION

Sympathetic cooling by laser-cooled atomic ions has been
established as a powerful method to produce a vast variety of
trapped, cold ��1 K� atomic and molecular species �1–4�.
These samples with temperatures in the order of tens of mK
are well suited for studies of chemical reactions �5–8� and
spectroscopy, including high-resolution spectroscopy �9,10�.

In order to understand and characterize such cold ion
plasmas, molecular dynamics �MD� simulations �11,12� are
well suited. Simulations can be performed for ion clusters
containing several ion species with ion numbers up to several
thousand ions. In early studies of one-component �species�
plasmas the particle arrangement �13�, the ion crystal struc-
ture �14�, and rf heating �15� were investigated, in order to
understand the basic properties of the systems. More re-
cently, simulations have considered ensembles containing
dissimilar ion species, for example atomic ions of equal
charge but different mass �16� or mixtures of atomic and
molecular ions. Simulations include, for example, studies of
the ion mass range which can be sympathetically cooled
�17�, interactions between a few highly charged ions and
large numbers of laser-cooled atomic ions �18�, and tempera-
ture determination of sympathetically cooled heavy singly-
charged molecular ions �4�. However, such studies are still
few and specialized. There is a foreseeable need for simula-
tions adapted to the particular experimental configuration, in
order to understand the interaction of different ion species,
time-dependent behavior, and to assist in the interpretation of
new observations. Conversely, the simulation models can
also be verified and improved by comparing their results
with experimental data.

In our experiments with sympathetically cooled ions in
linear Paul traps we employ two main methods. The time
evolution of the total laser-cooled ions’ fluorescence offers a
first possibility to analyze the properties of the trapped ion
ensembles. A resonant excitation of ion oscillations, for ex-
ample, leads to changes in the fluorescence and can be used
for non-destructive mass measurement of the confined ions
�19�. A second method is based on reaching sufficiently low
temperatures of the laser cooled ion ensembles when struc-
tured ensembles form �20�, which can be imaged by a CCD
camera. Figure 1 shows a CCD image of a 9Be+ ion crystal
�cluster� taken perpendicularly to the trap axis �7�. From the
crystal’s shape and structure certain basic properties such as

ion numbers and temperatures can be deduced by compari-
son with simulated images.

In this article, we present a simulation model for cold
multispecies ion crystals. The implementation of heating ef-
fects and laser cooling is discussed in detail. We introduce a
method to extract ion numbers and temperatures of laser-
cooled and sympathetically cooled ions from CCD images of
ion crystals via simulations. The process of sympathetic
cooling as well as the effects of rf micromotion are studied.
We also simulate aspects of secular excitation of ions for the
purpose of species identification.

II. SIMULATION MODEL

A. Equations of motion and forces

Our simulations of multispecies ion crystals in linear Paul
traps are based on solving Newton’s equations of motion for
all laser-cooled and sympathetically cooled ions

mir̈i = Fi�r1, . . . rNLC+NSC
,v1, . . . vNLC+NSC

,t� = Fi
trap + Fi

Coulomb

+ Fi
stochastic + Fi

laser, �1�

where i=1, . . . ,NLC+NSC �NLC and NSC are the numbers of
laser-cooled and sympathetically cooled ions, respectively�.
Masses, positions and velocities are mi, ri, and vi. Fi is the
total force acting on the ion i, which depends on the posi-
tions and velocities of all other ions, and on the time t. There
are several contributions to this force: the trap potential force
Fi

trap, the Coulomb interaction force due to all other ions
Fi

Coulomb, the stochastic force Fi
stochastic �21� resulting from the

random interactions of ions with surroundings such as colli-
sions with residual gas, scattered light, electric field noise,
and the laser cooling force Fi

laser, which acts on the laser-
cooled ions only.

FIG. 1. CCD image of a typical laser-cooled 9Be+ ion crystal in
a linear Paul trap containing sympathetically cooled molecular hy-
drogen ions. The cooling laser propagates to the right, the crystal is
at Tsec�6 mK and consists of 435±10 9Be+ and 7 H2

+ ions, located
near the left end of the image symmetry axis.
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The linear trap provides an oscillating saddle-shaped po-
tential �voltage amplitude V0 and angular frequency ��
which confines the ions in the radial �x-y� plane, while they
are confined in the axial �z� direction by a dc trapping field
Vec. Near the center of the trap, the trap potential is described
by �22�

V�x,y,z,t� =
2V0

r0
2 �x2 − y2�cos��t� +

�Vec

2z0
2 �2z2 − x2 − y2� ,

�2�

where r0 and z0 are radial and axial dimensions of the trap
and � is a constant determined by the geometry of the trap
electrodes. For appropriate trap parameters, in such a poten-
tial ions undergo a dominant motion with low-frequency
components �secular motion�, with a superimposed fast jitter
motion �micromotion� of small amplitude in the x-y plane.
The secular motion of a single ion can be described as a
motion in the harmonic pseudopotential well

��x,y,z� =
eV0

2

m�2r0
4 �x2 + y2� +

�Vec

2z0
2 �2z2 − x2 − y2� , �3�

with secular resonance frequencies in radial �x ,y� and axial
directions:

�r ª �x = �y =�Q

m
�qV0

4r0
2 −

�Vec

z0
2 �, �z =�Q

m

2�Vec

z0
2 .

�4�

Here, q	2QV0 /mr0
2�2 and Q is the ion charge. A necessary

condition for stable trapping of noninteracting ions is q
�0.908. In the following, we consider the case q�1. For
large ion numbers and nonideal trapping conditions �like rf
field asymmetries or offset voltages on the electrodes� strong
deviations can occur as described in �19�.

The Coulomb force Fi
Coulomb is the repulsive force from

all other ions confined in the trap, and has the form

Fi
Coulomb =

Qi

4	
0
� 


j=1,j�i

N
Qjrij

rij
, �5�

where rij and rij are the distance and the unit vector between
ion i and ion j, respectively. 
0 is the permittivity of free
space.

In our work, Newton’s equations of motion for the
trapped ions are numerically solved using the leapfrog algo-
rithm �23�. If the simulations are performed in the pseudo-
potential approximation �Fi

trap=−Qi���, the integration time
step �t can be much longer and the computing time is much
shorter compared to the case when micromotion is consid-
ered �where Fi

trap=−Qi�V�. The specific time steps used for
simulations depend on the rf frequency � of the considered
ion trap. We operate two traps—one for experiments with
laser-cooled 138Ba+ ions ��=2	�2.5 MHz��, another for
9Be+ ions ��=2	�14.2 MHz��. For simulations of ion crys-
tals in the barium trap the time steps typically are 2 or 10 ns
when micromotion is included, and 400 or 500 ns in the
pseudopotential case. For the beryllium trap, the time steps
have to be shorter, 1 ns and 50 ns for the micromotion and

the pseudopotential cases, respectively. Typical simulated
time intervals are in the order of milliseconds, leading to
computing times up to weeks for the largest systems �3000
particles�. Note that the computing time scales approxi-
mately as Ntot

2 , since the calculation of Fi
Coulomb is the most

time-consuming part of the simulation.
Our simulation program “SOSC” �simulation of sympa-

thetic cooling� is implemented in Delphi, runs on ordinary
Windows PCs and comes with a graphical user interface.

B. Heating effects

In order to characterize the temperature of an ion crystal
one has to distinguish between the energy contributions of
the micromotion and of the secular motion. The secular en-
ergy, where the micromotion oscillation is averaged out, can
be taken as an indication of the temperature of the ion crys-
tal, since it arises from the disordered motion of the interact-
ing ions in the time-averaged trap potential. In contrast, the
micromotion contribution to the total energy arises from a
driven motion, which is limited to the radial direction in the
linear ion traps considered here.

The root-mean-square �rms� velocity, �vi�
rms�2

= �1/J�
 j=1
J vi�

2 , is a measure of the kinetic energy averaged
over one rf period. �=x ,y ,z denotes the directions; j and J
are the time step number and the number of time steps in one
rf period, respectively. The secular velocity is defined by
averaging over one rf period, v̄i�= �1/J�
 j=1

J vi�.
Figure 2 shows histograms of these two quantities for a

large ensemble of ions of the same species. The histograms
are averages over single-period histograms. The secular ve-
locities v̄ show a Gaussian distribution corresponding to that
of a gas in thermal equilibrium, and the variances of the axial
and radial velocities are equal. Thus a unique secular tem-
perature of an ion ensemble can be introduced as

2

3kB
Esec = Tsec =

1

3NkB
m


i

N

��v̄ix
2 � + �v̄iy

2 � + �v̄iz
2 �� , �6�

where �¯� denotes an average over many rf periods and N is
the total ion number.

The time-averaged micromotion energy can be defined as
the difference between time-averaged total energy

Etot =
1

2N
m


i

N

���vix
rms�2� + ��viy

rms�2� + ��viz
rms�2�� , �7�

and the secular energy Esec. Unlike in the case of ion strings
on the trap axis �where micromotion would be zero�, in the
large ensembles in the mK regime considered here, the total
energy is a few orders larger than the secular energy, as a
comparison of the histograms in Fig. 2�b� indicates. Thus,
the micromotion energy can be approximated by the total
energy �24�.

The micromotion leads to rf heating—an ion-ion interac-
tion during which micromotion energy is transferred to secu-
lar energy �15,25–27�. Figure 3 shows how the secular tem-
perature of an ion ensemble rises due to rf heating only. In
this simulation, where micromotion is included, an ensemble
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of 1250 138Ba+ ions was set to Tsec=600 mK, then all cooling
and heating sources were switched off and the ensemble was
left evolving. As rf heating rises with temperature �15�, the
temperature increase is slow in the beginning, with a rf heat-

ing rate dTsec /dt�kB�2.93 K/s� at 600 mK, and much faster
at higher temperatures, with a rate of �kB�39.29 K/s� at
10 K. In our experiments, the ion ensembles are generally in
the crystal state at temperatures from 5 to 100 mK with
small q parameters and low ion numbers �less than 3000
ions�. Under these conditions, rf heating is almost negligible
��kB�1 K/s��.

However, trap imperfections as a result of rf phase shifts
or stray fields can lead to an increased rf heating �25�. To
obtain an upper limit of this effect, in a simulation we imple-
mented an additional rf phase shift of 0.1 rad between neigh-
boring electrodes and a dc offset of 5 V in x-direction ap-
plied to the central electrodes �see �3,28� for details on our
linear Paul traps�. An ensemble of 1250 138Ba+ ions was set
to Tsec=36.5 mK, and then let evolve with cooling and heat-
ing sources switched off. As Fig. 4 shows, the rf heating is
very low ��kB�0.00234 K/s�� in this typical temperature re-
gime, even in the case of a strongly imperfect trap.

Another heating source which can be substantial also at
low temperatures are collisions with residual gas. At low
temperatures �T�300 K� the most important ion-neutral in-
teraction arises from an induced dipole attraction which has a
potential =−�� /2��e /4	�0r2�2 �29� for a singly charged
ion. Here � is the polarizability of the neutral atom or mol-
ecule, e the electron charge, and r the radial separation. Us-
ing classical collision theory one can derive an expression
for the ion-neutral collision heating or cooling rate �29� as

hcoll =
3�2.21�

4

ekB

�0
nn

���
Tn − Tc

mn + mc
, �8�

and the momentum transfer collision rate

FIG. 2. Velocity distributions for an ion ensemble containing
1250 138Ba+ ions at Tsec�13 mK. The rf averaged and rms velocity
distributions are shown for �a� the axial and �b� a radial direction.
The simulation included micromotion.

FIG. 3. Rf heating. After the laser cooling is switched off �at t
=0� the secular energy of an ion ensemble �1250 138Ba+ ions, q
=0.119� rises in a nonlinear fashion from �600 mK to �17 K in
about 0.2 s purely due to rf heating.

FIG. 4. Rf heating in an imperfect trap. The simulation includes
an additional rf phase shift of 0.1 rad between neighboring elec-
trodes and a dc offset of 5 V in x direction applied to the central
electrodes. The plot shows the temperature of an ion ensemble
�1250 138Ba+ ions, q=0.083� in the absence of laser cooling and
other heating. A linear fit �open circles� yields a heating rate of
�kB�0.00234 K/s�.
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�elastic =
2.21

4

e

�0
nn��

�
, �9�

where nn is the particle density of the neutral gas, mn �mc�
and Tn �Tc� are the masses and temperatures of the neutrals
�charged particles�, and �=mnmc / �mn+mc� is the reduced
mass.

For example, in a background gas of N2 at 300 K and a
pressure of 1�10−9 mbar the average 138Ba+-N2 elastic col-
lision rate is �elastic�0.017 s−1. In each collision the average
energy transfer is �kB �128 K�, leading to a heating rate
hcoll=kB�2.2 K/s�, which increases linearly with the residual
gas pressure.

Finally, electric noise on the electrodes can lead to heating
�30�.

C. Modeling of heating effects

Consider the case of an ion colliding with a residual gas
atom or molecule. The velocity magnitude change can ex-
ceed 100 m/s. This is so strong that the ion leaves the ion
crystal and moves in the whole trap volume. Each time the
ion passes through the ion cluster, it transfers some energy to
it, with the energy loss rate being the lower, the faster the ion
is �18�. Figure 5 shows the kinetic energies of an ion en-
semble of 1249 barium ions and of a single ion after the
latter has suffered a head-on collision with a helium atom of
3
2kB�300 K� kinetic energy. The colliding barium ion sud-
denly gains a large velocity �76.8 m/s� and starts to oscillate
in the trap. Its kinetic energy is periodically transformed into
potential energy and back. It gradually leaks to other ions
until the whole ensemble reaches an equilibrium state with
increased potential and kinetic energies per ion. For a typical
crystal, as considered here, the thermalization time is �
�0.2 ms.

The collision heating of an ensemble of N ions will be
essentially continuous if the time between two collisions in

the whole ensemble, 1 /N�elastic, is smaller than the thermal-
ization time �, i.e., for ion numbers N�1/ ��elastic��. For a
typical value of �elastic=0.02 s−1, this condition is fulfilled for
N�250 000 ions. Thus, much smaller ensembles can appear
significantly colder in a single CCD image than the actual
time-averaged temperature, if the CCD exposure time is less
than 1/ �N�elastic�. With a typical exposure time of 2 s this is
the case for N�25 ions. Indeed, our experience is that small
clusters show a lower temperature �as found from the CCD
images� than larger ones.

Ion ensembles considered here are usually large �N
�2000� and the CCD camera exposure times are long
enough, so that collision heating due to the relatively rare
collision events �as well as other heating processes� can be
implemented by a more continuous heating in the simula-
tions. Choosing more frequent velocity kicks with appropri-
ately low velocity kick magnitudes, computing time can be
saved because equilibrium states are reached much faster
�within a few ms of simulated time�.

Thus, we consider a model in which each ion experiences
a velocity kick wk at each integration step with a fixed mag-
nitude in a random direction. It is described by the function

wk�t� = vl,0ŵk�t� . �10�

Here, vl,0 is a constant velocity kick magnitude that in gen-
eral may differ from species to species l, ŵk�t� is a unit
vector whose direction is chosen randomly for each ion at
each integration step. The average change in kinetic energy
per ion for a particular species l from one integration step
�duration �t� to the next is, in absence of any forces,

��El� =
ml

2
�vk

2�t + �t� − vk
2�t�� =

ml

2
�2vk�t�wk�t� + wk

2�t��

=
ml

2
�wk

2�t�� , �11�

since the ion velocities and the velocity kicks are uncorre-
lated �31,32�. The kinetic energy increase rate per ion �heat-
ing rate� is therefore

hl =
��El�

�t
=

1

2
mlvl,0

2 /�t . �12�

In a more general approach, at each integration step Nl,kick
ions of each species are randomly chosen and given random
velocity kicks. Then, the heating rate is

hl =
1

2
ml

Nl,kick

Nl,total
ṽl,0

2 /�t . �13�

Here, Nl,total is the total number of ions of species l, and the
ṽl,0 are the vl,0 from Eq. �12� chosen in such a way that hl is
equal to hcoll.

Thus a given heating rate can be implemented in different
ways—by frequent kicks with small velocity kick amplitudes
vl,0 or by rare ones with large amplitudes. Figure 6 illustrates
this. Here, an ensemble of 1250 barium ions was set to 0 K
and then let evolve without any cooling and with a heating
rate h=kB�11.95 K/s�. In the first case �open circles� all ions
were kicked after each time step ��t=500 ns� with kick

FIG. 5. Ion-neutral head-on collision. After its collision with a
neutral helium atom a barium ion gradually transfers its gained
kinetic energy �left scale� to the whole ion ensemble, whereupon the
kinetic energy per ion �right scale� increases. The simulation was
performed without micromotion.
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magnitude v0=2.68�10−2 m/s and in the second case �open
squares� just one ion �Nl,kick=1� was kicked per time step,
with an appropriately higher magnitude ṽ0=0.949 m/s. As
expected, in both cases the rate of increase of the kinetic
energy per ion is the same. Additionally, these simulations
were performed including micromotion in the time-
dependent trap potential V�x ,y ,z , t� �see Eq. �2��, but using
the same kick parameters �filled circles and squares�. We find
the same heating rate. This is due to the fact that the imple-
mented kicks change the velocities of the ions �several m/s,
see Fig. 2� only by small amounts, and thus preserve the
phase of their micromotion. Thus rf heating is negligible for
secular temperatures ��1 K�. Note that in the simulation ve-
locity kicks of constant magnitude have been used, and not a
Maxwellian distribution.

The employed heating procedure does not lead to a linear
increase in time of the kinetic energy per ion, as naively
expected from Eq. �12�. This is due to the fact that the defi-
nition considers an equilibrium state of heating and cooling
effects, whereas Fig. 6 shows a dynamic process with heat-
ing only. Here, the rising temperature leads to an increase of
the ion ensemble’s volume whereupon the potential energy
of the ensemble increases nonlinearly. Due to energy conser-
vation it is the total energy of the ensemble which increases
linearly with time when applying a certain heating rate. Both
the kinetic energy and the potential energy increase nonlin-
early. This is shown in Fig. 7 for an ensemble of 1250
barium ions heated with h=kB�11.95 K/s� without any cool-
ing. The gray curve shows the nonlinear change of the ki-
netic energy, and the light gray curve the one of the potential
energy. Here, the ground potential energy �the mutual Cou-
lomb energy of the ions at zero temperature plus their trap
potential energy�, kB�70.75 K�, was set as reference energy.
The black curve is the total energy change due to the velocity
kicks. It is linear with a slope of kB�11.6 K/s�, which agrees
well with the applied heating rate h.

The appropriateness of the kick model can also be verified
by comparing theoretical collision heating rates with those
extracted from experimental data via simulations.

Experimentally, CCD images of an ensemble of 138Ba+

ions at different N2 pressures were taken. Assuming a real-
istic cooling rate �=2�10−22 kg/s �see Sec. II D�, at each
pressure we fitted the heating rate that yields the best agree-
ment of simulated and experimental image. Figure 8 shows
these experimental values �circles� together with the collision
heating rate hcoll �black line� for 138Ba+ ions and N2 mol-
ecules, rising linearly with the N2 pressure. Here, Tn−Tc �see
Eq. �8�� was set to 300 K. For pressures above 1
�10−9 mbar, the experimental values agree well with the
theoretical heating rate given by Eq. �8�, with �N2
=4	�0�1.76�10−24 cm3�.

FIG. 6. Heating with velocity kicks. A specific heating rate was
realized with different velocity kick frequencies Nl,kick/ �Nl,total�t�
by adjusting kick magnitudes accordingly �open circles and
squares�. The filled circles and squares show the heating in presence
of micromotion.

FIG. 7. Energy distribution. The total energy per ion �black�
increases linearly according to the implemented heating rate in the
velocity kick model �micromotion not included�. However, the ki-
netic �gray� and the potential �light gray� energy grow nonlinearly
due to a growth of the ion ensemble’s volume.

FIG. 8. Collision heating. The black curve shows the theoretical
collision heating rates for collisions of 138Ba+ ions and N2 mol-
ecules, the circles show the heating rates extracted from the
experiment.
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The agreement is not complete at the lowest pressures. To
a lesser extent, this could be due to the finite spatial resolu-
tion of our imaging system, which naturally leads to blurring
of the crystal. However, we believe that other heating
sources besides the considered rf and collision heating are
present, such as electric field noise and possibly additional
collision heating due to ion micromotion. As we cannot
quantify them, they are not implemented in our simulations
directly, but their effect can be included in the velocity kick
model as a pressure-independent contribution to ṽ0.

D. Cooling model

As laser cooling force Fi
laser we consider a linear viscous

damping force plus a constant light pressure force

Fi
laser = − �iṙi + Fi

lp. �14�

This damping force would require three mutually orthogonal
laser beams. The light pressure force Fi

lp pushes the laser
cooled ion ensemble in the laser beam direction and gives a
spatial offset from the potential well center. The cooling
force reduces the velocity magnitude of the laser-cooled
ions, so the kinetic energy change rate per ion is

�Ei =
1

2
mivi

2�t + �t� −
1

2
mivi

2�t� =
1

2
mi�1 −

��t

mi
�2

vi
2�t�

−
1

2
mivi

2�t� =
1

2
mivi

2�t����t

mi
�2

− 2
��t

mi
� . �15�

Because the friction coefficient � is very small ��max

�	2� /�2�4�10−21 kg/s� for transitions at optical wave-
lengths � �17��, the first term in the parenthesis can be ne-
glected. Thus the kinetic energy decrease rate per ion �“cool-
ing rate”� of a species l is

cl =
��Ei�

�t
= −

2�

ml
� 1

2
mlvi

2�t�� = −
2�

ml
�E�l. �16�

The temperature of the ion species l, Tl, is obtained from
3
2kBTl= �E�l, where �E�l is the time- and ensemble-averaged
kinetic energy. The temperature decrease rate of an ion en-
semble l is

dTl

dt
= −

2�

ml
Tl. �17�

This holds when the cooling is along all three spatial direc-
tions simultaneously. If the ion ensemble is cooled by only
one laser beam along the axial direction z, then in the expres-
sion for cl in Eq. �16� vi is to be replaced by vi,z, and Ei by
Ei,z. Thus, the temperature reduction rate should be divided
by 3 to get

dTl

dt
= −

2

3

�

ml
Tl. �18�

Indeed, cooling with only one laser beam is sufficient to
reduce the secular motion of the ions in all dimensions, be-
cause their mutual Coulomb interaction leads to a fast ther-
malization. This is also conventionally implemented in ex-

periments. Figure 9 shows an ensemble of 1250 barium ions
cooled with a friction coefficient �=2�10−22 kg/s along the
axial direction without applying any heating. The secular ki-
netic energy per ion in radial �x or y� and axial �z� direction
decreases by two orders of magnitude within less than
10 ms. As the radial secular motion is reduced indirectly, its
decrease is slightly slower than that of the axial secular mo-
tion which is most obvious in the mK regime.

E. Simulation of CCD images

When taking CCD images of laser-cooled ion ensembles
our typical exposure times are in the order of 0.5 to 2 s.
During that time the ions’ trajectories span several meters
due to their residual secular kinetic energy �see Fig. 10� �33�.
As a result, the images appear blurred and can be considered

FIG. 9. Simulation of viscous cooling of an ion ensemble. 1250
barium ions are cooled by only one laser beam along the trap axis
��=2�10−22 kg/s, no heating applied, micromotion not included�.
The kinetic energy is effectively reduced in all dimensions.

FIG. 10. �Color online� Diffusion in an ion crystal. In this axial
view of a time-averaged ion crystal at 6 mK the trajectory of a
single ion is shown in green. During the “exposure time” of 5 ms
the ion diffuses through the whole ensemble. This simulation did
not include micromotion, no heating and cooling was applied.
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as probability density plots, rather than as images of indi-
vidual particles.

To reproduce these CCD images by simulations, the posi-
tions of all ions for every time step of the simulation are
projected to a plane perpendicular to the desired line of sight.
�In our setups, the line of sight is radial, i.e., perpendicular to
the z-axis and at 45° to the x and y axis.� A density plot of
this plane corresponds to a CCD image observed.

A completely realistic simulation of the CCD images
would require simulated times as long as the exposure times
and a more accurate implementation of the ions’ collisions
with the background gas, i.e., rare and strong collisions
�compare Sec. II C�, leading to long computing times. With
our more continuous velocity kick model equilibrium states
are reached after simulated times of a few ms and the experi-
mental CCD images can be reproduced with good agree-
ment. The reason for this are the CCD exposure time, which
is much longer than the thermalization time, and the short
intersite diffusion time for the temperatures considered here.

In contrast to the experiment, simulations can also visual-
ize ions which are not laser-cooled and therefore do not fluo-
resce. Figure 11 shows a multi-species ion crystal �4� con-
sisting of 830 laser-cooled 138Ba+ ions, 420 singly charged
barium isotopes �m=137 amu�, and 200 singly protonated
AlexaFluor350 molecules �m=410 amu�. Because the radial
confinement for ions with a higher mass-to-charge ratio is
weaker, the heavier 410AF+ ions are located around the
138Ba+ ions, as shown in the axial view on the right-hand side
of Fig. 11. The lighter barium isotope ions would arrange
inside the 138Ba+ crystal and form a core �see Fig. 16 for the
much lighter CO2

+ ions�, but as the mass difference is small
and the light pressure pushes the 138Ba+ ions to the left, they
arrange on the right side of the crystal and only slightly leak
into the 138Ba+ crystal.

III. APPLICATIONS

A. Sympathetic heating and cooling

If other ion species are confined in the trap simulta-
neously with laser cooled ions, they can be sympathetically
�indirectly� heated or cooled via their mutual long-range
Coulomb interaction.

To quantify this interaction, Fig. 12 shows a simulation of
the various forces acting on the multispecies ion ensemble
from Fig. 11. Initially, all species were set to a �secular�
temperature of 0 K and in the spatial configuration of the
lowest potential energy. Then a heating rate of h138Ba

=kB�11.55 K/s� is applied to the 138Ba+ ions. Their tempera-
ture increases �black curve�, and due to the sympathetic in-
teraction the temperatures of the other two ion species in-
crease as well. Because the mass-to-charge ratio of the
barium isotope ions is very close to that of the 138Ba+ ions,
these two species couple very well and the energy transfer
efficiency is high. Thus, the temperature of the barium iso-
tope ions �gray curve� closely follows that of the 138Ba+ ions.
However, for the 410AF+ ions the coupling to the 138Ba+ ions
is lower due to their larger radial separation caused by the
significant mass-to-charge ratio difference. So, their tempera-
ture increase is weaker �light gray curve�. After 40 ms the
laser cooling is switched on with a friction coefficient �=2
�10−22 kg/s. As the cooling of the 138Ba+ ions is higher than
the heating h138Ba, their temperature starts to decrease. When
their temperature gets lower than that of the other species,
these start to be cooled sympathetically until all species
reach an equilibrium state with nearly equal temperatures. At
t=100 ms, realistic conditions are established by switching
on the heating for the barium isotopes and the 410AF+ ions
�with heating rates of kB�11.47 K/s� and kB�25.14 K/s�, re-
spectively�. Their temperatures increase above the 410AF+

temperature, which in turn causes a sympathetic heating of
the 138Ba+ ions. Finally, the whole ensemble reaches an equi-
librium state with stable, but species-dependent tempera-
tures, i.e., temperature gradients are present.

B. Determination of ion numbers

Shape and structure of an ion crystal are determined by
the trap potentials applied, the number of ions, the ion spe-

Ba
+

AF
+

isotopes

FIG. 11. �Color online� Spatial structure of a multispecies ion
crystal. The ion crystal consists of 830 laser-cooled 138Ba+ ions
�blue�, 420 singly charged barium isotopes �red�, and 200 proto-
nated AlexaFluor350 molecules �blue�. The left image is a radial
view; the right is an axial view. The overall length is 1.7 mm; the
diameter is 300 �m.

FIG. 12. Sympathetic heating and cooling in a multispecies ion
ensemble. The ion composition is the same as in Fig. 11. After all
species were set to a secular temperature of 0 K, heating is imple-
mented only for the 138Ba+ ions starting at t=0 s, and the other ions
are sympathetically heated. At t=0.04 s the laser cooling of 138Ba+

is added, and the 138Ba+ temperature decreases. The 138Ba+ ions
now sympathetically cool the other ions, and the ensemble reaches
an equilibrium state at nonzero temperature. Finally at t=0.1 s,
heating is also turned on for the barium isotopes and the 410AF+

ions, which increases the temperatures of all species until they
reach the equilibrium state. This simulation did not include
micromotion.
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cies, the light pressure force, and the temperatures. Ion num-
bers and temperatures can be obtained from comparison of
experimental and simulated images of the ion crystals.

Firstly, the number of the trapped ions are determined. For
ion crystals consisting of laser-cooled ions only the proce-
dure is as follows: As the magnification of the imaging sys-
tem is known, one adjusts the number of ions until the simu-
lated crystal has the same dimensions as the observed one.
Here �mK regime�, the volume of the crystal is not signifi-
cantly influenced by the temperature of the ions. Therefore,
the ion number can be fit without considering the tempera-
ture.

For ion crystals containing sympathetically cooled ion
species in addition, the determination of ion numbers is more
complicated. Ions with higher mass-to-charge ratios arrange
around the laser-cooled ion ensemble and therefore modify
its shape. If the species is known and the mass-to-charge
ratio is still close to that of the laser-cooled ions, one can find
its number by reproducing the observed deformation. How-
ever, for a species with a much higher mass-to-charge ratio,
the deformation induced is not sufficient �see Figs. 11 and
16�. A reliable determination of the ion numbers is by extrac-
tion from the trap and counting �4�, but this is a destructive
method. As ions with a lower mass-to-charge ratio are lo-
cated inside the laser-cooled ensemble and form a core, their
number can be determined, in a nondestructive manner, from
the size of the core.

In both cases, it is essential to consider the light pressure
force which shifts the laser-cooled ions out of the trap center
and causes strong asymmetries. For example, the beryllium
ion crystal shown in Fig. 1 contains H2

+ ions that are located
on the left side of the crystal, because the beryllium ions are
shifted to the right. To determine the ion numbers in this
crystal we simulated crystals with different ion numbers and
compared them with the experimental CCD image �see Fig.
13�. The best fit is achieved for 435±10 9Be+ and 7 H2

+ ions,
when a light pressure force of 8�10−21 N is assumed.

C. Temperature determination of laser-cooled ions

In order to determine the temperature of the laser-cooled
ions, a series of ion crystals at different temperatures is simu-

lated and visually compared with the experimental CCD im-
age. Due to scattered light and the limited resolution of our
imaging system the experimental CCD images look blurred.
Thus, the crystals appear warmer than they actually are.
There are, however, details in the crystal structure, which are
used to find the closest temperature. In Fig. 14, for example,
the experimental image of a beryllium crystal �lowermost
image� shows two concentric ellipsoidal shells with a string
in the middle. The string displays discrete spots which are,
comparing with the simulated images above, only visible for
temperatures lower than 8 mK. But, these spots are not as
distinct as in the simulated image at 5 mK. Thus, the best fit
indicates a temperature of 6 mK.

As discussed above, these discrete spots usually do not
correspond to single or individual ions, but to a high prob-
ability density for ions at a certain location during the expo-
sure time, except for special sites and very low temperature.

In contrast to the experiment, in the simulations one can
image ion crystals from any direction and with arbitrary
magnification. Even specific sites of the crystals can be stud-
ied in detail. For example, Fig. 15�a� shows the spatial radial
distribution of the spot at the right end of the beryllium crys-
tal shown in Fig. 1. The spatial distribution has a Gaussian
shape and a full width at half maximum of 6 �m. Figure
15�b� shows the spatial distribution of the neighboring two
spots. They cannot be ascribed to two ions, but to an average
of three ions moving diffusively and due to residual rotation
of the crystal around the z axis.

D. Temperature determination of sympathetically cooled ions

The temperature of sympathetically cooled ions cannot be
determined as described above, because they do not fluoresce
and are therefore invisible to the CCD camera. In order to
find their temperature, two CCD images are required. One is

435 Be
+

425 Be
+

445 Be
+

Experiment

too short

too long

agreement

FIG. 13. Determination of ion numbers. The experimental image
of a beryllium ion crystal is compared with simulated images with
different ion numbers. The best fit is achieved for a number of 435
9Be+ ions.

FIG. 14. Temperature determination of laser-cooled ions. A se-
ries of simulated ion crystals at different temperatures is compared
to the experimental CCD image �bottom, same as Fig. 1�. The best
agreement is achieved for a temperature of about 6 mK.
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taken when the laser-cooled and the sympathetically cooled
ions are trapped together, the other is taken when there are
only the laser-cooled ions, i.e., before loading or after ex-
tracting the sympathetically cooled ions. The temperature of
both ion ensembles is different, as the heating rate hsc of the
sympathetically cooled ions acts as an additional heating
source for all ions. By simulating the CCD image of the pure
laser-cooled ion ensemble its heating rate hlc is found. In the
simulation of the whole ensemble hlc is kept constant for the
laser-cooled species. Then, the heating rate hsc for the sym-
pathetically cooled species is varied in order to heat the
laser-cooled ion ensemble to the observed temperature.
When the right parameters are found, the temperature of the
sympathetically cooled ions can be obtained from the simu-
lation data �an example is shown in �4��.

In principle, a specific temperature of a laser-cooled ion
ensemble can be achieved with a continuous set of pairs of
appropriate laser-cooling and heating rates. The simulated
temperature of the sympathetically cooled ion ensemble
strongly depends on the actual laser cooling rate. When a

higher laser cooling rate is applied, the heating rates for all
involved species need to be increased in order to keep the
temperature of the laser-cooled ion ensemble constant at the
observed level. However, this leads to a higher temperature
of the sympathetically cooled ions as illustrated in the fol-
lowing example: Figure 16 shows a four-species ion crystal
consisting of 700 laser-cooled barium ions �blue, 138 amu�,
300 barium isotope ions �red, 137 amu�, 100 CO2

+ ions �pink,
44 amu�, and 200 singly protonated glycyrrhetinic acid mol-
ecules �denoted as GA+, green, 470 amu�. In case �a�, the
friction coefficient � is set to 1�10−22 kg/s. To keep the
crystal at 20 mK, the corresponding heating rate for barium
ions and isotopes is �kB�5.94 K/s�. After loading the GA+

ions, we set their heating rate to �kB�8.25 K/s�, which heats
the barium ion ensemble to 25.6 mK. The temperature of the
GA+ ion ensemble in this equilibrium state is �130 mK. In
case �b�, a higher friction coefficient �=4�10−22 kg/s is set.
To heat the barium ion ensemble to the same 20 mK and
25.6 mK values, higher heating rates are required:
�kB�23.9 K/s� for the barium ions and �kB�33.6 K/s� for
the GA+ ions. Here, the final equilibrium temperature of the
GA+ ions ensemble is �300 mK.

Thus, in order to obtain a concrete temperature value for
the sympathetically cooled ion ensemble, the friction coeffi-
cient needs to be determined independently. From laser cool-
ing theory

� = 2

i

�ki
2

2
�i� ��e

��i
�

�i

. �19�

The wave numbers ki and partial decay rates �i for the laser
transitions are constants, whilst the change in the excited
state population �e with laser detunings �i is calculated from
eight-level Bloch equations using our measured laser satura-
tion parameters and detunings �34�. The value for 138Ba+ in
our experiments was determined to �1.75�10−22 kg/s in
good agreement with �35�.

E. Advanced cooling of complex molecular ions

Sympathetic cooling in a Paul trap is most efficient for
species with similar mass-to-charge ratio, as their radial
separation is small.

CO2

+

Ba
+

AF
+

isotopes

a

b

FIG. 16. �Color online� Temperature determination of sympa-
thetically cooled ions. If a higher laser cooling rate is used in the
simulations �b�, one obtains higher temperatures for the sympatheti-
cally cooled species �green �outer�� than in �a�.

a

b

FIG. 15. Probability density of ion trajectories within particular
slices �z0−�z ,z0+�z� of the crystal. �a� For the right end spot and
�b� for the two neighboring spots of the beryllium crystal in Fig. 1
�Tsec=6 mK�. The simulated time is 200 000 time steps of 50 ns.
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In one of our experiments, we used laser-cooled 138Ba+

ions to sympathetically cool complex molecular ions with
masses of several hundred amu produced with an electro-
spray ion source �36�. Here, the efficiency of sympathetic
cooling is relatively low due to the high radial separation of
the ion species and the difference between the temperatures
of the species is substantial, as discussed above. A possibility
to enhance the sympathetic cooling is the reduction of the
mass-to-charge ratio difference, which can be realized by
using multiply protonated molecules from the electrospray
process. Another option is to raise the trap voltage so as to
increase the radial confinement of all ions. However, higher
trap voltages also cause a higher rf heating �3,15�. Yet an-
other possibility is a reduction of the total ion number, in
order to reduce the repulsive forces between the ion species.

A different approach is to add a �sympathetically cooled�
intermediate species layer between the laser-cooled and the
sympathetically cooled ions; see Fig. 17. This layer acts as a
“conducting layer” and helps to transfer the energy from the
sympathetically cooled ions of interest to the laser-cooled
ions. Such ions of intermediate mass may be loaded into the
trap deliberately or they may be produced by photodissocia-
tion of the molecular ions. Figure 18 shows an example for
the sympathetic cooling process, in which 200 410AF+ ions
are sympathetically cooled by 1250 138Ba+ ions—with and
without intermediate layer. Initially, the barium ions are kept
at very low temperature ��3 mK� by applying a high cool-
ing rate ��=200�10−22 kg/s�, while the 410AF+ ions are
kept at about 490 mK. Then, the heating for the 410AF+ ions
is turned off and their temperature decreases due to sympa-
thetic cooling. It takes about 40.6 ms to cool them to
�8 mK, but only 8.8 ms when 50 ions with an intermediate
mass �200 amu� are added. Thus the sympathetic cooling
rate can be substantially increased.

Under realistic conditions �heating effects present�, the
final temperature of the sympathetically cooled ions can be
significantly lower with the intermediate species layer. For
the case shown in Fig. 17, 200 410AF+ ions are sympatheti-
cally cooled by 830 138Ba+ ions. With an intermediate layer
�50 ions, 200 amu�, the final temperature of the AlexaFluor
ions is reduced from �114 mK to �58 mK �see Fig. 17�b��.

F. Simulation of secular excitation spectra

Experimentally, trapped ion species can be identified by a
resonant excitation of their radial secular motion. For this
purpose, an additional ac field is applied either to the trap
electrodes or to an external electrode. When the excitation
field is resonant with the oscillation mode of an ion species,
these ions start to oscillate strongly. Consequently, the whole
ion ensemble heats up, which causes a change in the laser-
cooled ions’ fluorescence. By recording the fluorescence dur-
ing a frequency scan one can obtain a mass spectrum of the
trapped ions.

However, the observed frequencies can differ strongly
from the calculated values for single ions �r �see Eq. �4��.
This is due to the fact that the space charge of all ions and a
coupling between trapped species lead to significant shifts of
the oscillation frequencies �19,37� and even to the appear-
ance of additional resonances. In a simplified picture, this
can be illustrated by comparing the ideal harmonic pseudo-
potential �see Eq. �3�� with that modified by the space charge
of the trapped ions.

In Fig. 19, for example, we consider a cold ion crystal
containing 1200 138Ba+ ions and 500 GA+ ions. The effect of
the of the GA+ ions on the barium ions is shown in Fig.
19�a�. The shape of the potential well for a barium ion is
almost unchanged, there is only an offset to higher potential
energies which does not influence the barium ions’ secular
frequency. However, as shown in Fig. 19�b�, the presence of
the barium ions causes a drastic change of the potential well
for GA+ ions. The harmonic pseudopotential is modified to a
double well potential. These potential wells are steeper, so
that the GA+ ions have a higher secular frequency. To quan-
tify this, we performed fits with harmonic functions to the
wells. The asymmetric double wells can be described by the
functions y=11.5�10−8�x−160�2+0.006 and y=6.3
�10−8�x−160�2+0.006 for the outer part, while the potential

a

b

Ba
+

AF
+

isotopes

intermediate layer

FIG. 17. �Color online� Sympathetic cooling in the presence of
an intermediate layer. The images show a multispecies ion en-
semble consisting of barium ions �blue, 138 amu�, AlexaFluor ions
�green, 410 amu�, and barium isotope ions �red, 137 amu�—�a�
without and �b� with an intermediate species layer �pink, 200 amu�,
which helps to cool the AlexaFluor ions more efficiently.

FIG. 18. Sympathetic cooling with an intermediate layer. With
an additional intermediate ion species �compare Fig. 17�b�� the
sympathetic cooling of the AlexaFluor ions is much faster �gray�
than without �black�. Note that in this case no heating was applied
to the AlexaFluor ions and they would consequently reach the same
temperature with or without intermediate layer.
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for a single trapped GA+ ion in absence of 138Ba+ is de-
scribed by y=3.9�10−8x2. Thus, the radial frequency of a
GA+ ion can be up to �11.5/3.9=1.7 times higher than the
one calculated with the single-ion formula, Eq. �4�.

For a more realistic description of the oscillation of an ion
species it is necessary to include not only the space charge of
the other ion species, but also the space charge of the con-
sidered ion species itself. Therefore, in our simulations radial
secular excitation spectra are simulated in a simplified man-
ner as follows: The whole ion ensemble is displaced by sev-
eral �m in a radial direction, then it is released and the
center-of-mass positions of all ions are recorded for some
time. Finally, a Fourier analysis of these data yields the os-
cillation modes of the ion ensemble components. Such spec-
tra are shown in Fig. 20 for different ion crystals at equal
trap settings �q�138Ba+�=0.091�. For a pure 138Ba+ ion crystal
�Fig. 20�a�� the simulated frequency �sim=79.3 kHz is

slightly higher than the calculated single-ion frequency �r
=79.2 kHz as the barium ions’ space charge makes their po-
tential well steeper. In comparison, the spectrum of a crystal
consisting of 138Ba+ ions and isotopes �Fig. 20�b�� is not
much different because the ion masses are quite similar.
However, due to the coupling of the ions’ oscillation modes
there are additional small peaks beside the main peak, which
is slightly shifted to a higher frequency of 77.5 kHz. Figure
20�c� shows the excitation spectrum of an ion crystal con-
taining barium ions with isotopes and GA+ ions. The experi-
mentally determined secular frequency of the GA+ ions
�expt=29.3±1.3 kHz differs substantially from the single-ion
frequency �r=22.4 kHz, but is consistent with the simulated
value �sim=32.2 kHz. The difference may be due to the de-
pendency of the experimental frequency on the excitation

FIG. 19. Space charge effects and trap potentials. Here, we con-
sider a cold ion crystal containing 1200 138Ba+ and 500 GA+ ions.
�a� Potential wells for a single barium ion in the ideal harmonic trap
potential �dashed curve� and influenced by the space charge of
heavier GA+ ions �solid curve�. �b� Potential well for a single GA+

ion in the ideal harmonic trap potential �dashed curve� and double
well potential caused by the barium ions �solid curve�. Superim-
posed is an axial view of the considered ion crystal.

FIG. 20. Simulated radial secular excitation spectra. For equal
trap parameters �q�138Ba+�=0.091� different crystal compositions
were considered: �a� only 138Ba+; �b� 138Ba+ ions and isotopes; �c�
138Ba+ ions, isotopes, and GA+ ions. In �c� �r indicates the calcu-
lated single-ion frequency for a GA+ ion and �expt the experimen-
tally determined value.
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amplitude in the experiment and the ion numbers �a more
detailed description can be found in �19��.

The small additional peaks around 10 kHz in Fig. 20�c�
arise from coupling effects of the different species’ motion in
the multispecies ion ensemble. With our simplified mode ex-
citation model, we cannot characterize in detail these addi-
tional modes. This could be done by performing simulations
with an additional homogeneous field oscillating at the re-
spective mode frequencies found above and analyzing the
amplitudes and phases of the forced oscillations of the indi-
vidual species.

G. Micromotion effects

Our simulations are a useful tool for the interpretation of
experiments with sympathetically cooled molecules. For the
determination of ion numbers and temperatures or the simu-
lation of ion crystal structures and secular excitation spectra
it is not necessary to include the micromotion in the simula-
tions. To save computing time we solve Newton’s equations
of motion in the pseudopotential approximation. However,
there are some aspects related to micromotion, which cannot
be neglected and are considered in the following.

An aspect of relevance for high-resolution spectroscopy is
a possible direct coupling of radial micromotion to the axial
direction which would lead to the appearance of motional
sidebands in the spectrum and thus a loss of spectral resolu-
tion. To study this effect, a barium ion from a cold ion en-
semble �830 138Ba+ ions, 420 barium isotope ions, and 200
410AF+ ions� was randomly selected and its axial position
z�t�, one component of the radial position x�t�, and its axial
velocity vz�t� were recorded �see Fig. 21�. The solid curve
x�t� clearly shows the slow radial secular oscillation
��40 kHz� with the superimposed fast micromotion at the rf
driving frequency of 2.5 MHz �see inset�. There is no appar-
ent rf oscillation in the axial motion z�t� �dashed curve� and
the axial velocity vz�t� �dotted curve�. Thus we find that un-

der the typical conditions considered here �small q param-
eter, as evidenced by the small amplitude of the micromotion
compared to the average radial distance�, the micromotion in
radial direction does not couple to the axial direction. Nev-
ertheless, at much higher secular temperature, the micromo-
tion causes an increase of the secular energy of both radial
and axial motions. The only possibility for an energy transfer
of micromotion to the axial motion is an indirect coupling
via rf heated ions which distribute their kinetic energy to the
axial direction through the thermalization process.

Finally, we have studied the influence of the micromotion
on the simulated images. Figure 22 compares structural de-
tails of an ion ensemble consisting of 500 138Ba+ ions at
Tsec=12 mK in the pseudopotential approximation ��c�,�e�,
and �g�� and including the micromotion ��a�, �b�,�d�, and �f��.

If the ions are close to the x or y axis, their micromotion
is parallel to the corresponding axis. This is shown in �d� for
a simulated time which is long enough to reproduce the ex-
perimental images, and—just for demonstration—in �f� for
an unrealistic, much shorter simulated time where this effect

FIG. 21. Micromotion of an individual ion within an ensemble.
In a simulation including micromotion the x component of the mo-
tion clearly shows the fast micromotion �solid curve, the inset is a
magnification�. The z component of the motion and the velocity
�dashed and dotted curve� do not show any effect of micromotion.
The secular temperature of the barium ion ensemble was �30 mK.

f g

FIG. 22. Micromotion in simulated images. Here, sections from
simulated images of a cold ensemble consisting of 500 barium ions
are shown—simulated including micromotion ��a�,�b�,�d�, and �f��
and in the pseudopotential ��c�,�e�, and �g��. �d�–�g� show sections
of axial views, �a�–�c� sections of radial views, while �a� is a view
along the x axis and �b� and �c� correspond to the line of sight of the
CCD camera �at 45° to the x and y axis�. In fact, as the pseudopo-
tential is radially symmetric, �c� shows the view along any angle
perpendicular to the axial direction. �f� and �g� show the same as �d�
and �e� but for a 20 times shorter simulated time of 0.5 ms in order
to highlight the different nature of images from simulations with
and without micromotion.
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is more obvious. The ions’ motional amplitude is the larger,
the further away they are from the trap center �z axis�. Image
�a� is taken along the x axis, so the center is dominated by
ions moving perpendicularly to the image plane without a
visible effect. The outer two shells are dominated by ions
moving up and down in the image plane, so they appear
blurred. However, the relevant radial line of sight for the
CCD camera is between the electrodes as shown in �b�. Here,
the blurring is weaker and homogeneous �compare with im-
age �d��.

In general, the images from simulations including micro-
motion appear more blurred than those from simulations in
the pseudopotential. But due to the limited resolution of our
imaging systems, this weak effect is not visible in our CCD
images. It is an open question whether a higher resolution
imaging system could resolve the micromotion details.

IV. CONCLUSION

In this work, we describe a model for the simulation of
cold multispecies ion ensembles in linear Paul traps. New-
ton’s equations of motion for all trapped ions were solved for
the exact rf trap potential as well as in the pseudopotential
approximation. Studies of the influence of rf micromotion on
the simulated �long time exposure� images of ion crystals
and rf heating effects showed that micromotion is of little

importance for ion crystals at secular temperatures below
100 mK. Here, simulations in the pseudopotential approxi-
mation with their much shorter computing times can be used
to reproduce and interpret experimental data. Various heating
effects �including to some extent rf heating� can be modeled
by implementing additional velocity kicks with appropriate
magnitudes and frequencies. We showed several applications
of our simulation model.

It can be used to extract temperatures and numbers of
laser-cooled and sympathetically cooled ions from experi-
mental CCD images of ion crystals. It also allows detailed
studies of the sympathetic cooling process which helps to
understand and improve our experimental work. Further-
more, simulations of radial secular excitation spectra help to
identify trapped ion species. One of the open questions to be
addressed in future studies is whether the secular excitation
method can also lead to a determination of ion numbers of
species located entirely outside the laser-cooled ensemble.
Such a method, having the advantage of being nondestruc-
tive, would be of considerable practical importance.
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