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1 Introduction
Over the years, research in quantum optics has been increasingly progressing both theoretically
and experimentally, with successful tests and demonstrations of quantum theory. Among relatively
simple but rather rich systems used in quantum optics experiments, the proccess of parametric
down-conversion of light has been vastly explored. Several systems involving this phenomenon
have been used as tools in experiments investigating fundamental principles of quantum mechanics
such as the violation of Bell's inequalities,[1] the Einstein-Podolsky-Rosen paradox,[2] the demonstration of the Heisenberg uncertainty principle,[3] and quantum nondemolition measurements.[4]
Particularly interesting is the generation of squeezed vacuum states through the parametric downconversion process. These states have the property that the quantum noise is redistributed over
the quadrature amplitudes of the eld. This redistribution is such that for a particular choice of
the measured quadrature, the noise is less than that of the vacuum state. By using the squeezed
vacuum state as an input to other systems, several achievements in the area of precision measurements have been realized, such as sub-shot noise interferometry and atomic spectroscopy,[5, 6]
noise reduction in optical ampli cation,[7] quantum duplication,[8] and improved back-action evasion measurements.[9]
In these experiments, an essential question is how to measure such small uctuations with
a good degree of accuracy. A technique that has been widely used to determine the degree of
nonclassicality, i.e. the level of uctuations with respect to the vacuum uctuations, is balanced
homodyne detection.[10] This is a very reliable and sensitive device, where the quantum eld is
mixed with a strong light beam, usually referred to as the local oscillator, at a beamsplitter. The
two outputs of the beamsplitter are detected and their respective photocurrents subtracted. It
can be shown that the resulting photocurrent is proportional to the quadrature eld amplitude
of the quantum eld only, the uctuations of the local oscillator being suppressed to a large
extent. Since the measured photocurrent relates to the quadrature eld amplitude of one port of
the beamsplitter only (i.e., the port where the quantum eld is injected), the reference level in
this type of measurement is determined by simply blocking the quantum eld, thus accessing the
vacuum uctuations. Another particular feature of homodyne detection is that by changing the
phase of the local oscillator with respect to that of the quantum eld, one is able to determine not
only the uctuations of the amplitude (^x) or phase (^p) quadratures of the eld, but also of any
linear combination x^ = x^ cos  + p^ sin , where x^ = 2,1=2(^a + a^y) and p^ = ,2,1=2i(^a , a^y), and a^,
a^y are the annihilation and creation operators.
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So far, most of the squeezing experiments reported in the literature are restricted to the measurement of the variances of the quadratures amplitudes. Although such information is enough
to determine, for example, the degree of squeezing, it has been discovered recently that complete
information about the quantum eld can be obtained by measuring P (x ), the probability distribution functions for x for a large number of phase angles . This set of distributions allows to
reconstruct both the Wigner function and the density matrix of the quantum eld.[11]-[15] This
possibility opened a new prospective in measurements of quantum elds. For example, the photon
number distribution of states, in particular of squeezed vacuum, can be obtained without photon
counting techniques, which are more complicated and sometimes not possible because of the low
counting eciencies in the near infrared region.[16] Apart from the experimental achievement per
se, the knowledge of the Wigner function and of the density matrix mean a complete characterization of a quantum state. This technique, now being applied to rather well-understood optical
states, may in future be used to fully characterize \unknown" quantum states.
The generation of a squeezed vacuum state together with its complete characterization via
the determination of the density matrix is the subject of this paper. In addition, we have also
directed our e orts to build a simple, compact and stable source of squeezed light with the use of a
monolithic resonator,[17] which may in future contribute to bridge the gap between demonstrations
and real applications of squeezed light.
The paper is organized as follows. In Section 2, we present a detailed explanation of the
experimental set-up and the procedure for the measurements. In section 3, the measurements of
squeezing are shown, which include the squeezing spectrum, the squeezing at a xed frequency, and
the distribution functions for various eld quadratures. Section 4 is devoted to the reconstruction
of the Wigner function, the photon number distribution and the density matrix of the squeezed
vacuum state. The conclusions are presented in Section 5.

2 Generation of Squeezed Light
The squeezed vacuum state is generated via degenerate nonlinear frequency down-conversion of a
pump light eld. This implies the use of a nonlinear crystal, pumped by a frequency 2!, in which
the conversion process 2! ! ! + ! occurs, leading to parametric ampli cation/deampli cation of
the quadratures of the !-mode. Since the conversion eciency for this process is usually small, two
alternate approaches are commonly employed: the use of optical cavities that enhance the gain of
the parametric ampli cation for at a given pump power,[3, 6, 18] or single pass down-conversion
with high peak power pump pulses.[12, 19]
In the work presented here, the parametric ampli cation occurs in a monolithic resonator
pumped below its threshold of oscillation. Thus, the basic elements of the experiment are a
main laser source, a frequency doubler, the optical parametric oscillator (OPO), and the detection
system. The general idea of the experiment consists in rst frequency doubling most of the laser
power to the frequency 2!. This wave subsequently pumps the OPO. The output eld of the OPO
is then mixed with a local oscillator for balanced homodyne detection (BHD). The choice of rst
frequency doubling and then down-converting the light is very practical since a small fraction of
the laser power can be picked o for use as a reliable local oscillator for the BHD. In addition to
having the same frequency as the squeezed light, the use of the same source for both doubling and
as local oscillator ensures a stable phase reference for the whole experiment. This latter feature is
important here, since quantum state reconstruction involves phase-sensitive measurements.
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Figure 1: Experimental setup for the generation of squeezed vacuum states with a monolithic
lithium niobate parametric oscillator (OPO). The hemilithic cavity (SHG) doubles the Nd:YAG
laser which subsequently pumps the OPO. The local oscillator (LO) is combined with the signal
beam at the homodyne detector.

2.1 Experimental Set-Up

A general overview of the set-up is shown in Fig.1. The laser source is a diode-pumped, continuouswave Nd:YAG laser (Lightwave, model 122) with wavelength of = 1064 nm. The laser emits a
single-frequency, 15 kHz linewidth, TEM00 wave whose frequency can be manually or electrically controlled. The free-running frequency stability is outstanding, with drifts of less than 10
MHz/min. Most of the laser power is used to pump an external frequency doubling cavity that
eciently doubles the laser frequency into green light at  = 532 nm.[20]
The frequency doubler is a hemilithic standing-wave cavity formed by one curved mirror (the
output coupler) and a nonlinear crystal (magnesium-oxide doped lithium niobate). One of the
crystal faces is at and the other is curved with a radius of curvature of 10 mm. The at face is
coated with an antire ection coating (R < 0.1%) and the curved face is coated for high re ectivity
at both 1064 and 532 nm. The faces perpendicular to the c-axis of the crystal are coated with
gold for electrooptic modulation. The radius of curvature of the output coupler is 25 mm and it
is coated for high transmission at 532 nm and 96% re ectivity at 1064 nm. The cavity is thus
resonant at the fundamental frequency of the laser only, while the green light that is generated in
each pass interferes constructively and exits through the output coupler.
The OPO also consists of a lithium-niobate crystal but is a monolithic 7.5 mm long standingwave resonator. The crystal endfaces are polished spherically with 10 mm radii of curvature. One
face is coated for high re ectivity at both 1064 and 532 nm, while the other face is the output
coupler with transmissivity T = 2.1% at 1064 nm and high transmission at 532 nm. This crystal
is also coated on two opposing sides with gold electrodes for electrooptic modulation. The fact
that only the infrared light is resonant in the cavity simpli es the operation of this device. The
green light double passes the resonator to enhance the nonlinear coupling, so that the threshold is
reduced.
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The temperature of the crystals in both doubler and OPO is actively controlled to a few
millikelvin, at the phase-matching temperature of lithium-niobate (about 110C). Due to the fact
that standing-wave resonators are employed, two Faraday isolators are required in the set-up; the
rst to isolate the laser from the doubler and the second to isolate the doubler from the OPO.
The squeezed vacuum generated in the OPO is directed to a 50-50 beamsplitter and combined
with a local oscillator for BHD. As was mentioned before, we used part of the original laser beam
as the local oscillator. The laser beam was not injected directly into the beamsplitter, because the
diode-pumped YAG laser has a large excess intensity noise at frequencies up to several MHz.[21]
Given the fact that the spectrum of squeezing is best at frequencies of a few MHz, we used an
optical ltering technique to suppress the excess noise. To this end, the laser beam passes through
a high nesse cavity consisting of two high re ector mirrors spaced by 50 cm. The cavity with a
bandwidth of 140 kHz acts in transmission as a low pass lter. An analysis of the noise of the local
oscillator beam that is transmitted through the cavity shows that the excess noise of the laser is
suppressed down to shot-noise for frequencies greater or equal to 1 MHz.[18]
The two photodetectors used for the BHD are Epitaxx ETX-500 photodiodes with removed
window. We determined a quantum ecency of 97% for both photodiodes by calibrating their
photocurrents with the incident laser power (measured by a thermopile from Laser Instrumentation). The photocurrents are processed by a low noise ampli er circuit with approximately at
gain up to 30 MHz. For a local oscillator power of 2 mW incident on one of the detectors, the
electronic noise is suciently low. The shot-noise level at frequencies of a few MHz is 14 dB above
the electronic noise level and still 5 dB above for frequencies around 24 MHz.

2.2 Experimental Procedure

The main steps of the experiment consist in stabilization of the cavity lengths, calibration of the
BHD, and optimization of the mode-matching of the green beam to the OPO cavity mode for
highest parametric gain.
The doubler cavity is actively stabilized by the Pound-Drever technique,[22] where the cavity
crystal is modulated at 15 MHz and the ensuing amplitude modulation of the infrared beam is
detected in transmission through the high re ector mirror by a fast photodetector. The error
signal, generated by mixing the photocurrent with the modulating frequency, is fed back to the
piezo of the cavity. We have also stabilized the laser frequency to the OPO cavity in a similar
procedure as for the doubler, by injecting a weak 180 MHz frequency-shifted beam into the high
re ector port of the OPO. But since both laser and OPO have good frequency stability and the
OPO linewidth is high (2 , = 34 MHz), we have observed that it is possible to manually keep the
laser frequency well in resonance during the time needed for data acquisition even without active
stabilization.
The main steps for the calibration and performance of the BHD are the determination of the
shot-noise level, of the noise suppression of the local oscillator, and of the beam overlap of the
signal beam from the OPO with the local oscillator. The photocurrents from both detectors of
the BHD are subtracted and added, resulting in the photocurrents i, and i+, respectively. The
uctuations of these photocurrents are then analyzed in a spectrum analyzer.
The shot-noise level is determined by comparing the uctuations of the photocurrents i, and
i+ when the open port of the beamsplitter (where later the signal from the OPO is injected) has
vacuum input. The di erence between these two photocurrents is within 0.3 dB for a wide range
of frequencies. When the balancing of detector gains is optimized for a particular frequency, the
accuracy is 0.2 dB.
The suppression of the local oscillator noise is checked by adding a strong amplitude modulation
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to it, and measuring again the di erence between the uctuations of i, and i+. The suppression
in our set-up is better than 20 dB.
The beam overlap of local oscillator and the signal from the OPO is an important factor, since
it determines the homodyne eciency of the BHD. To measure it, we inject a coherent beam at
the high re ector port of the OPO. The transmitted beam interferes with the local oscillator at the
beam splitter. A visibility of the interference fringes of more than 99% was reached, corresponding
to near-perfect beam overlap.
The alignment and the mode-matching of the green pump to the OPO is optimized by operating
the OPO above threshold as described in Ref.[23]. Further optimization of the pump alignment
and the OPO temperature is done by measuring the parametric ampli cation of a small signal
injected into the high re ector port of the cavity. With pump powers near the threshold power of
the OPO (28 mW), classical parametric gain up to 3500 times was observed.
The last important parameter to check in the experimental scheme is the total detection eciency. This involves the measurement of the escape eciency of the OPO cavity, of the passive
transmission loss from the OPO to the photodetectors, and, as mentioned above, of the homodyne (i.e., superposition) eciency between the local oscillator and the signal light. The escape
eciency  = T=(T + A), with T being the OPO output coupler transmission and A the total
internal round trip loss, is not determined directly in our set-up because for monolithic resonators
it is dicult to independently measure both A and T . Instead we measured the conversion eciencies for resonant frequency doublingand for parametric down-conversion, where, in both cases,
the maximum eciency is equal to . The measured values for maximum conversion eciencies
are 82% for frequency-doubling and 84% for down-conversion, which aftercorrection for imperfect
mode-matching of the respective pump beams results in  = 88%.[23, 20] The measured nesse
of the OPO is 265, which, considering the free spectral range of 9 GHz, gives a linewidth 2 ,=34
MHz (FWHM). The overall losses of propagation from the OPO to the photodetectors, due to
absorption and scattering by mirrors, lenses and beamsplitter, are 2%.
In summary, the 99% homodyne, 98% propagation, 88% escape, and 97% detector quantum
eciencies lead to a total detection eciency of = 81% in our experiment. If we had perfect
detection eciency, the best degree of squeezing, limited by the escape eciency only, would
amount to 9.5 dB for this monolithic resonator.

3 Measurements of Squeezing
In this section, we show a series of mesurements that we have performed in order to characterize
the squeezing from our monolithic resonator. We start with the direct mesurement of the squeezing
and anti-squeezing spectra up to 30 MHz, followed by the measurement of both the variances and
the distributions of the eld uctuations in phase space at a xed analyzing frequency of 2 MHz.

3.1 The squeezing spectrum

The squeezed vacuum from the OPO is detected by measuring the uctuations of the photocurrent
i, from the balanced homodyne detector. The resulting current is sent to a spectrum analyzer
where the spectral density ,( ) is recorded. By choosing the local oscillator phase, we are able to
record the uctuations of the quadrature component x^ which corresponds to the maximum noise
enhancement S+ (antisquezing) and of the component p^ which corresponds to maximum noise
reduction S, (squeezing). For a given pump power P and analysis frequency , the spectra are
given by [24]
5

8

(i)
classical noise
(laser stabilization)

Relative Noise

6

4

2

shot noise
(ii)
0
5

10

15

20

25

30

Frequency [MHz]

Figure 2: Spectral density , as a function of the analysis frequency . Trace (i) is the antisqueezing spectrum and trace (ii) is the squeezing spectrum. The peak at 14.5 MHz and its
harmonic come from the modulation of the doubling cavity used for the locking system. The
resolution bandwidth for these measurements is 100 kHz, and the video bandwidth is 100 Hz.
q

4 P=Pth
q
;
(1)
S( ; P ) = 
( =,)2 + (1  P=Pth )2
where , = 17 MHz is the cavity linewidth and Pth = 28 mW is the threshold power of the OPO.
The noise S relates to the actual measured values for the spectral densities , by
,(

; P ) = 0(1 + S ( ; P ));

(2)
where 0 is the spectral density for a vacuum-state input to the BHD (obtained by blocking the
output of the OPO),  is the total detection eciency.
Since the photodetectors are broadband and calibrated from 1 to 30 MHz, we were able to
record the whole spectrum of squeezing and antisqueezing by recording , with the phase of the
local oscillator xed at either maximum or minimum noise levels. The electronic and shot-noise
levels were also measured under the same conditions. After subtracting the electronic noise and
normalizing the squeezing and antisqueezing to the shot noise level, with no further adjustments,
we arrive at traces shown in Fig. 2. The theoretical predictions, plotted as solid lines, show good
agreement with the experimental data and the independently measured detection eciencies. Fig.2
also shows that there is still a reasonable amount of squeezing (about 3 dB) at high frequencies. The
measurement at still higher frequencies was not possible due to the bandwidth of the photodetectors
employed.

3.2 Squeezing and Fluctuation Statistics at a Fixed Frequency

As can be seen from the theoretical predictions for the squeezing spectrum (Eq. 1), the squeezing
is best at low frequencies. Actually, for a lossless ( = 0) OPO at threshold (pump power P = Pth ),
6

Figure 3: Spectral density ,( = 2 MHz) showing the uctuations from the parametric ampli er
as the phase of the local oscillator is scanned (trace i). The shot-noise level, obtained by blocking
the squeezing is shown in trace ii. The squeezing level is 5.5  0.2 dB.
perfect squeezing is predicted at frequency = 0. In our experiment, the technical noise in the
detectors is very high at frequencies lower than 1 MHz. We have therefore chosen an analysis
frequency far from any excess noise ( = 2 MHz) to search for the best squeezing in our system.
The rst step is the measurement of the photocurrent densities , of squeezing as a function
of the local oscillator phase. This data gives the variances of the quadrature phase amplitudes
x^ = x^ cos  + p^ sin , and permits to understand how the quantum noise is distributed along the
quadrature phase amplitudes of the eld. Also, by invoking the fact that the squeezed vacuum
generated by the OPO is a minimum uncertainty state, this measurement provides an accurate way
to determine the total losses of the detection and compare them to the independent measurement.
In Fig. 3 the spectral density of the photocurrent uctuations ,( =2 MHz) for both squeezed
vacuum (trace i) and normal vacuum (trace ii) states is shown. In order to determine more
accurately the degree of squeezing at this frequency, we obtained ,( = 2 MHz) with the local
oscillator phase kept at minimum noise level, i.e. maximum squeezing. The average over 400 points
shows a squeezing degree of 5.5  0.2 dB below the vacuum-noise level. The pump power for this
measurement was approximately 3/4 of the threshold power.
The measurements shown in Figs. 2 and 3 determine ,, which can be translated into the
variances of the quadrature amplitudes of the eld. But more information about the state of the
light eld can be obtained by not only recording the variances, but the whole distribution P (x )
of the quadrature eld uctuations. As mentioned in the introduction, these distributions provide
a way to determine the Wigner function and the density matrix of the quantum state.
The procedure we used to obtain the distributions P (x ) at several di erent phase angles in
phase space consists in measuring the amplitude uctuations of the photocurrent i, from the BHD.
This is done by recording the intermediate-frequency (IF) output of the spectrum analyzer on a
digital oscilloscope (Nicolet 400), as the phase of the local oscillator is slowly scanned. Typical
traces of the resulting photocurrent are shown in Fig. 4. The experimental conditions are the
same as for the squeezing shown in Fig. 3.
The next step is to divide this 161,000 point trace corresponding to 79 di erent phase angles.
For each phase angle, the photocurrent time trace was sorted into 128 bins. A total of 79 di erent
histograms was thus obtained. As expected for the squeezed vacuum from the OPO, each of these
histograms is a Gaussian, and corresponds, when normalized, to the Gaussian distribution of the a
particular quadrature amplitude. The shot noise has also been recorded using the same procedure.
Fig. 5 shows two of the 79 distributions, for the phase angles of maximum squeezing, and maximum
antisqueezing, as well as that of the vacuum reference. More distributions are shown in the inset
7

Figure 4: Fluctuations of the photocurrent i, at 2 MHz as the phase of the local oscillator is
scanned. Left: Vacuum state, right: Squeezed vacuum state. The detection bandwidth is 100 kHz.

Figure 5: Probability distributions of the quadrature amplitude uctuations at local oscillator
phases corresponding to maximum squeezing and maximum anti-squeezing. The third distribution
is obtained with normal vacuum. The solid lines are Gaussian ts. In the upper right corner,
distributions for 11 di erent phase angles from 0 to  are shown.
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of Fig.5.

4 Characterization of the Squeezed State
In Ref.[11] it has been shown that it is possible to reconstruct the Wigner function from a set
of distribution functions P (x ), taken at angles  between 0 to . Thus, the measurements
presented above provide the basis for a complete characterization of the quantum state. In addition
to the determination of the Wigner function, it has been shown recently [14] that it is possible
to determine the density matrix and the photon number distributions directly from the set of
distributions P (x ).
In the following, we discuss the procedure for the reconstruction of both Wigner function and
density matrix for the squeezed vacuum state, and in particular its photon number distribution.

4.1 Determination of the Wigner function

The Wigner function is a quasi-probability distribution in phase space, di ering from a classical
distribution mainly because it can be negative and cannot be measured directly, since it is a joint
distribution of the eigenvalues of two noncommuting observables. What is measurable though,
are the marginal distributions P (x ), which are positive de nite probability distributions. These
distributions are directly related to the Wigner distribution W (x; p) through the relation [11]

P (x ) =

Z1

,1

W (x cos  , p sin ; x sin  + p cos )dp ;

(3)

where p = x+=2 = ,x sin  + p cos , and  is the angle of rotation in the x; p-phase space.
Using the distributions P (x ) obtained experimentally, the Wigner function can be reconstructed by inverting the above equation. This inversion involves the so-called inverse Radon
transformation. The reconstructions of states using this technique has been termed optical homodyne tomography by Smithey et al. in Ref.[12].
For a squeezed vacuum state of the electromagnetic eld mode with frequency , the Wigner
function is given by

i
h
exp , 12 1+Sx2+( ) + 1+Sp2,( )
:
Wsq (x; p) = q
2 (1 + S+ ( ))(1 + S,( ))
The inversion algorithm used for the determination of the Wigner function consists in a convolution of the measured histograms with a particular lter function ( ltered back-projection). The
resulting Wigner functions for the vacuum and the squeezed vacuum state and their contour lines
are shown in Fig. 6. We remark that no corrections for detection and escape eciency were made.
The numerical error of this reconstruction is estimated to be less than 2%. An analysis of the ratio
of the two halfwidths of the contour lines of the Wigner function of the squeezed vacuum state at
x = p = 0 shows good agreement with the directly observed variances of the squeezing (5.5 dB)
and anti-squeezing (12 dB) shown in the previous section.[18]

4.2 Determination of the Density Matrix and Photon-Number Distribution
In addition to the Wigner distribution, it is also possible to determine the density matrix in the
Fock basis of the radiation eld directly from the data, without any ltering (smoothing).[13] The
9

Figure 6: Wigner function and its contours (a) of a vacuum state, (b) of a squeezed vacuum state.
elements of the density matrix nm are related to the distributions by

nm =

Z  Z +1

0

,1

P (x )fnm(x )ei(n,m) dx d;

(4)

where fnm are transcendental functions given in Refs.[15, 25].
Carrying out the integration for the set of measured distributions P (x ) we obtained the elements of the density matrix  in the Fock basis for the squeezed vacuum state of our experiment.[26]
Of particular interest are the diagonal elements nn, which give the photon number distribution
of the state.
From Eq.4, these are obtained from the angle-averaged probability distributions
R
P (x) = P (x )d=2.[27] According to Ref.[28], for the photon-number distribution of an ideal
squeezed vacuum state zeroes for the probabilities of odd photon numbers are predicted. For the
experimentally generated squeezing, the various losses that occurred inside the resonator, during
propagation and in the detection lead to a state that is not of minimum uncertainty, but mixed.
For such a state, the photon number distribution is given by [29]
v
u
u
nn = 2t (2 + S, )(1 + S,) (s)n Pn+((1 , )s);

2 + 2S, , S,

q

(5)

with s = jS, j= 4 + 4S, + 2S,2 , 2 S,2 . Pn+(t) is the nth Legendre polynomial with positive
coecients, which in terms of the usual Legendre polynomial Pn can be written as Pn+(t) =
(,i)nPn(it). The probabilities for the odd photon numbers are nonzero, but for small loss, high
detection eciencies and strong squeezing the distribution still exhibits oscillations. In Fig. 7 we
present the photon number distribution derived from measured data together with the predicted
distribution given by Eq.5, showing good agreement.
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Figure 7: Photon-number distributions reconstructed from the set of quadrature amplitude distributions P (x ). The left picture shows the photon number distribution of a vacuum state, the right
one that of a squeezed vacuum state. The points refer to experimental data and the histograms to
theoretical predictions.

5 Conclusions
An optical parametric ampli er has been used to generate squeezed states of light, which, combined
with the technology of monolithic resonators, resulted in a compact and stable device. Given that
the length of these resonators is short, the spectrum of squeezing is broader than for most discrete
cavities. We have been able to record the squeezing and anti-squeezing spectra up to 30 MHz. The
highest measured degree of squeezing was 5.5 dB at a frequency of 2 MHz.
In addition, we have applied optical homodyne tomography to characterize states of the light
eld. For the rst time, the Wigner function of a highly squeezed state in the continuous regime
and the density matrix in the Fock basis were reconstructed. Due to the high degree of squeezing
and relatively high detection eciency, oscillations in the photon number were observed for the
rst time. The determination of the density matrix of the squeezed light shows the practical applicability of homodyne detection combined with novel reconstruction techniques to obtain complete
information about a quantum state. In particular, with the determination of the photon statistics,
we have demonstrated that this technique is a very powerful alternative to photon counting.
We wish to acknowledge colleagues that participated with their ideas and their hands to make
this experiment possible: T. Muller, J.-Ph. Poizat, R. Paschotta, and A. White. We thank M.
G. Raymer, A. Faridani, and D.F. McAlister for providing us with a program for the inverse
Radon transform, and U. Janicke for improvements regarding the numerical inversion. We also
acknowledge U. Leonhardt for several discussions about the complete characterization of a quantum
state. S. F. Pereira was supported by the Humboldt Foundation. Financial support for this work
was provided by the Deutsche Forchungsgemeinschaft, ESPRIT Project BRA 6934 - QUINTEC
and the EC Network \Non-classical Light".
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