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Proton–electron mass ratio by high-resolution
optical spectroscopy of ion ensembles in the
resolved-carrier regime
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Optical spectroscopy in the gas phase is a key tool for elucidating the structure of atoms and molecules and their interaction with external fields. The line resolution is usually limited
by a combination of first-order Doppler broadening due to
particle thermal motion and a short transit time through the
excitation beam. For trapped particles, suitable laser cooling
techniques can lead to strong confinement (the Lamb–Dicke
regime) and thus to optical spectroscopy free of these effects.
For non-laser-coolable spectroscopy ions, this has so far only
been achieved when trapping one or two atomic ions, together
with a single laser-coolable atomic ion1,2. Here we show that
one-photon optical spectroscopy free of Doppler and transit
broadening can also be obtained with more easily prepared
ensembles of ions, if performed with mid-infrared radiation.
We demonstrate the method on molecular ions. We trap
~100 molecular hydrogen ions (HD+) within a Coulomb cluster of a few thousand laser-cooled atomic ions and perform
laser spectroscopy of the fundamental vibrational transition.
Transition frequencies were determined with a lowest uncertainty of 3.3 × 10−12 fractionally. As an application, we determine the proton–electron mass ratio by matching a precise ab
initio calculation with the measured vibrational frequency.
The pursuit of increasingly higher resolution in spectroscopy
is of fundamental importance in the field of atomic and molecular
physics. Techniques such as nonlinear spectroscopy, particle trapping, laser cooling, buffer gas cooling and improved microwave
and laser sources have permitted continuous progress in resolution
over more than half a century, resulting in major advances in the
understanding of radiation–matter interactions and in controlling quantum systems, especially in the optical domain. One key
approach to ultra-high (Doppler-free) resolution is the Lamb–
Dicke regime (LDR), achieved by confinement of particles, at least
in one spatial dimension, to a range substantially smaller than the
wavelength of the spectroscopy radiation3. Historically, spectroscopy in this regime was first introduced for radiofrequency and
microwave spectroscopy for diverse neutral and charged particles.
For hyperfine structure spectroscopy of trapped atomic ion clouds,
it was already shown in the earliest studies4 that spectral lines with
extremely high quality factors are achievable if the cloud radius is
smaller than the wavelength.
For visible radiation (λ ≃ 0.5 μm), the LDR imposes greater
experimental challenges, but is today achieved in many experiments. LDR optical spectroscopy has already led to spectacular
advances in atomic clock performance (for both atomic ions and
neutral atoms)5–8 and is also an enabling technique for atom-based
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quantum information processing, cold-atom many-body system
studies, and quantum simulations.
For laser-coolable atomic ions, optical LDR spectroscopy has
been demonstrated for ion numbers ranging from 1 to 18, arranged
in a string9,10. For some atomic ion species and most molecular ion
species, direct laser cooling is impractical or not possible. One then
resorts to the technique of sympathetic cooling. LDR spectroscopy
of a single and of two sympathetically cooled atomic ions has been
demonstrated, using quantum logic spectroscopy1,2,11.
For molecules, the LDR has very recently been achieved in a few
different configurations: (1) one-photon rotational spectroscopy
of molecular ion ensembles at a transition frequency of 1.3 THz
(refs. 12,13), (2) two-photon Raman rotational spectroscopy of a
single molecular ion14, (3) two-photon Raman vibrational spectroscopy (25 THz) of laser-photoassociated diatomic neutral molecule
ensembles in an optical lattice trap15 and (4) two-photon vibrational
spectroscopy of molecular ion ensembles, using counter-propagating
waves of close wavelength (λ ≃ 1.4 μm)16. Some of the line resolutions (defined as the transition frequency divided by the full-width
at half-maximum) of up to 8 × 1011 achieved in these works15 have
surpassed the highest values achieved with room-temperature gaseous ensembles and on molecular beams (Methods).
In this Letter, we demonstrate that it is possible to perform
ultra-high-resolution one-photon mid-infrared optical spectroscopy of cold ions, on comparatively large and easily prepared
ensembles of ions. Although this is demonstrated here on sympathetically cooled ions, it is expected to work also with ions that
are laser-cooled directly. The present demonstration is a powerful
extension of the previously introduced technique ‘trapped ion cluster transverse excitation spectroscopy’ (TICTES) from rotational
(~1 THz) to vibrational spectroscopy (~50 THz)12,13. The technique
operates on ion ensembles in a macroscopic linear ion trap and with
standard Doppler laser cooling. The crucial aspect is the use of a
string-like spatial arrangement of the spectroscopy ions and a spectroscopy radiation with a relatively large wavelength (here 5.1 μm)
and propagated at a right angle to the ion trap axis. The technique
is to be contrasted with quantum-logic spectroscopy11,14,17. Although
the latter is powerful and probably extendable to vibrational spectroscopy of molecular ions, its ion preparation technique and the
actual spectroscopy procedures are complex and so far restricted to
a few specialized research groups worldwide.
In TICTES, two species of ions are simultaneously trapped in a
linear ion trap, where one species (LC) is laser-cooled and the other
‘target’ species (SC) is sympathetically cooled. The corresponding
ion numbers are assumed to be NLC ≫ NSC ≫ 1. If the two species
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Fig. 1 | Scheme of the key elements of the apparatus. The linear ion trap is on the right. The shape of the two-species Be+/HD+ ion cluster is shown.
The mid-infrared radiation generated by a nonlinear optical (NL) crystal (olive arrow) propagates perpendicularly to the ion cluster’s long axis. The two
lasers, L1 (1.18 µm) and L2 (1.54 μm), are phase-locked to two modes of the femtosecond frequency comb (blue and red arrows in the inset diagram on the
comb). The comb is phase-locked to a continuous-wave laser (1.06 μm), stabilized to an optical resonator. Only that resonator is shown (bottom left). PLL,
phase-locked loop. H, hydrogen.

have charges (q) and masses (m) such that q2SC =mSC >q2LC =mLC, the
species SC will be confined to the region near
I the trap axis. Here,
we focus on a configuration in which the SC ions form an ion string
embedded in the LC ion cluster. The dynamics of such a two-species
cluster at finite ion temperature has been previously analysed by
means of molecular dynamics simulations12. The time-averaged
spatial distribution of SC ions has a finite width in the radial direction, Δρ. For ensembles of HD+ ions cooled by beryllium ions to
a temperature of T ≃ 10 mK and arranged in a string-like configuration, Δρ ≃ 2 μm was found for our trap parameters in the simulations. A Doppler-free carrier signal with frequency unaffected
by ion dynamics was predicted to occur for a spectroscopy wave
(λ) irradiation direction transverse to the trap axis (radial direction)18, assuming that the intrinsic linewidth of the transition is
sufficiently narrow. Both numerically and within an approximate
analytical model it was furthermore predicted that the strength of
the carrier spectroscopy signal decreases continuously from near
unity if λ ≫ λc = 2πΔρ (LDR) to zero for λ ≪ λc. At λ = λc the carrier signal is 0.5. Whereas in the first experimental investigation the
regime λ ≫ λc was studied12, in this work we explore whether a carrier signal is still observable for a small spectroscopy wavelength,
λ ≃ 5.1 μm < λc. At this wavelength, the carrier signal strength is predicted to be less than 0.02 (ref. 12). We note that in microwave spectroscopy of trapped atomic ion ensembles, ultra-high resolution of
the carrier transition has been observed in the non-LD regime4,19–22.
Wavelengths of 5 μm and longer permit addressing fundamental
and/or first overtone vibrational transitions of most molecular ions,
except for hydrides. Such vibrational transitions have natural linewidths in the range from 10 Hz in heteronuclear molecules to nanohertz in homonuclear diatomics. Attainment of the resolved carrier
regime can in principle take advantage of these small linewidths to
provide, for example, a high spectral resolution of hyperfine structure, a high sensitivity in the study of frequency shifts caused by
interaction with externally applied fields and precise measurements
of transition frequencies.
To achieve a thorough exploration of the technique’s potential
in terms of the resolution and accuracy required, we developed
an appropriate laser source with ultra-narrow spectral linewidth,
ultra-high long-term absolute frequency stability and precise

frequency calibration. In the mid-infrared spectral range, such
sources are not routinely available. Our source is based on the generation of difference-frequency radiation (λ ≃ 5.1 μm) from two
individually frequency-stabilized, commercial semiconductor lasers
(λ1 = 1.18 μm, λ2 = 1.54 μm) (Fig. 1). We compute the frequency of
the mid-infrared radiation from the two laser frequencies, which we
measure using a near-infrared frequency comb. Figure 2 presents
data on the spectral purity and frequency stability of our source.
We estimate the linewidth of the 5.1 μm radiation to be less than
100 Hz (Methods).
Our test ion is the one-electron diatomic molecular ion HD+ of
mass 3 u. The choice of this ion was made due to the feasibility of
the ab initio calculation of transition frequencies, so that the experimentally assessed spectroscopic accuracy of the method can also be
independently verified. The ab initio calculation method itself has
been stringently tested by a recent related experiment in the same ion
trap13. We interrogate the electric-dipole-allowed, one-photon fundamental vibrational transition ðv ¼ 0; N ¼ 0Þ ! ðv0 ¼ 1; N 0 ¼ 1Þ
in the ground electronic state (I2 Σþ
g ). v and N denote the rotational
and vibrational quantum numbers,
I respectively. The transition frequency is f ≃ 58.6 THz. Details are provided in the Methods.
HD+ possesses hyperfine (spin) structure and we focus on two
transition components, denoted by line 12 and line 16 (Methods
and Supplementary Information), which share the same lower
hyperfine state. The respective upper hyperfine states have the same
particle spin coupling but differ in the coupling between total particle spin and rotational angular momentum. This results in different total angular momenta F 0 in the upper states. For maximum
I Zeeman components of the spin
resolution we address individual
structure of the vibrational transition in the presence of a small
magnetic field. We specifically measure the mF ¼ 0 ! m0F ¼ 0
Zeeman components, because they exhibit onlyI a comparatively

small quadratic Zeeman shift (Methods). Here, mF m0F is the projection of the total angular momentum F (F 0) on the Istatic magnetic
I
field direction.
Figure 3 shows one Zeeman component of line 12 and of line 16.
The highest line resolutions obtained were 3 × 1011 (full linewidths
smaller than 0.2 kHz). We measured several systematic shifts.
The first is the Zeeman shift, for which we measured the transition
Nature Physics | www.nature.com/naturephysics
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Fig. 2 | Spectral properties of the mid-infrared laser source. a, Fractional Allan deviation of the computed frequency value of the 5.1 μm radiation. The
error bars for the Allan deviation are estimated as 68% confidence intervals. b, The heterodyne beat between a mode of the optically stabilized frequency
comb and an independent frequency-stable 1.5 μm laser (not shown in Fig. 1). Averaging time: 1.5 min. Inset: beat on a larger frequency scale. The observed
linewidth of less than 50 Hz, together with other data (Methods), indicate that the mid-infrared radiation has a linewidth of similiar value.

frequency of each line for three values of the magnetic field B < 1 G.
The shifts are consistent with the ab initio prediction. Assuming
the predicted quadratic-in-B scaling, an extrapolation to B = 0 was
performed. Second, the laser light for beryllium ion laser cooling
(0.2–0.5 mW at 313 nm) potentially causes a light shift via the polarizability of the molecular ion. Measurement showed that there is no
effect at the level of 0.2 kHz, and the theoretical estimate justifies
setting this shift to zero in our analysis. The third shift is caused
by the trap radiofrequency (RF) electric field. Measurement of the
transition frequency of each line for three RF amplitude values
allowed for an extrapolation to zero amplitude. The extrapolated
values are ~0.3 kHz smaller than the values at our nominal operational RF amplitude. Fourth, we irradiate the spectroscopy wave
and the two photodissociation lasers alternately to avoid light shifts
caused by the latter. Fifth, our theoretical estimation reveals that
other systematic shifts are negligible compared to the uncertainties
resulting from the above determinations. Further details are provided in the Methods.
We obtain the extrapolated zero-field frequencies
ðexpÞ

f 12

ðexpÞ
f 16

¼ 58; 605; 013; 478:03ð19Þexp kHz
¼ 58; 605; 054; 772:08ð26Þexp kHz

ð1Þ

The indicated uncertainties result from the realized linewidths
and the achieved precision of the determination of the systematic shifts. Thus, the lowest experimental uncertainty is 3.3 × 10−12
fractionally.
The difference of the frequencies in equation (1) is a spin–rotation splitting. Its experimental value can be compared with the predicted splitting (equation (9), Methods). Theory and experiment
agree very well within the combined uncertainty of 0.54 kHz.
ðtheorÞ
We also compare the above values with ab initio values f i
,
computed using the approach described in the Methods. Using
I 2018
Committee on Data for Science and Technology (CODATA 2018)
values for the fundamental constants23 and their uncertainties
(case I) results in
ðtheorÞ

f 12
¼
58; 605; 013; 477:8ð5Þtheor;QED ð8Þtheor;spin ð13ÞCODATA2018 kHz
ðtheorÞ

¼
f 16
58; 605; 054; 771:6ð5Þtheor;QED ð9Þtheor;spin ð13ÞCODATA2018 kHz

ð2Þ
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For both frequencies, the indicated uncertainties are (0.8, 1.5,
2.2) × 10−11 in fractional terms. The first uncertainty of both frequencies, 0.5 kHz, is an estimate of the unevaluated quantum electrodynamics (QED) contributions. It has been reduced by a factor
of 42 in theoretical work spanning the past nine years. If, for me,
mp, md, the most accurate Penning trap mass values24–26 are used
(case II), instead of their CODATA 2018 values, the predictions are
shifted by +1.5 kHz, and the last uncertainty contribution reduces
to 1.1 kHz. Our experimental values are consistent with both predictions I and II within the combined uncertainties.
Any normalized linear combination of the two experimental
vibrational frequencies, with respective theoretical spin structure contributions subtracted, yields the spin-averaged vibrational
frequency
ðexpÞ

ðexpÞ

f spin-avg ¼ b12 ðf 12

ðtheorÞ

ðexpÞ

� f spin;12 Þ þ ð1 � b12 Þðf 16

ðtheorÞ

� f spin;16 Þ

ð3Þ

We may choose the weight b12 in this composite frequency so
that the total spin theory uncertainty is minimized13. However, we
find that the uncertainty is minimized over a wide range of b12 values between 0 and 1, without any substantial reduction compared
ðtheorÞ
ðtheorÞ
to that of f spin;12 and f spin;16. For b12 ≃ 0.5:
I
I
ðexpÞ
f spin-avg ¼ 58; 605; 052; 164:24ð16Þexp ð85Þtheor;spin kHz ð4Þ
ðexpÞ

ðtheorÞ

The value f spin-avg agrees with the prediction f spin-avg, equation (7), for both
of experiI case I and II. The combined uncertainty
I
mental and predicted values is 2.9 × 10−11. This realizes a test of
three-body quantum physics with state-of-the-art precision and
limited by the uncertainties of the mass values.
The fundamental vibrational frequency f theor
spin-avg depends on the
nuclear masses dominantly via the reduced
pInuclear
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ mass μ = mpmd/
(mp + md), being closely proportional to R1 μ=me. We may therefore
ðtheorÞ
ðexpÞ
determine the ratio μ/me by requiring f Ispin-avg ðμ=me Þ ¼ f spin-avg:
I
μ=me ¼
1; 223:899228668ð7Þexp ð20Þtheor;QED ð37Þtheor;spin ð3ÞCODATA2018
ð5Þ

The last uncertainty contribution is due to that of the nuclear
charge radii and the Rydberg constant R∞, and the total fractional uncertainty is ur = 3.5 × 10−11. As shown in Fig. 4, the value
equation (5) is consistent with the values from (1) CODATA 2018,
(2) recent Penning trap measurements of me, mp, md and md/mp
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16 at the lowest magnetic field setting, the line also contains the two transitions between stretched states ( mF ¼ ± 2 ! m0F ¼ ± 3). For each indicated
I
detuning δf of the laser frequency, two sets of measurements of HD+ number decay were performed: with (coloured
circles) and without (background
decay, coloured circles outlined in black) application of spectroscopy radiation. From the mean of each set, the background decay mean was subtracted.
The zero detuning frequency is arbitrary. The linewidths are due to a combination of power broadening and spectroscopy wave linewidth. The theoretical
value for the natural linewidth of the transition is ~3 Hz. The lines are Lorentzian fits. Each error bar represents the standard deviation of the mean. The red
data points and the fit for line 12 have been shifted by 0.17 kHz for clarity.
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(refs. 25–28) and (3) our HD+ experimental rotational frequency and
its theory13. The consistency between our vibrational and rotational
values represents a direct test of the correctness of our QED and
spin theory for this molecule, where today’s uncertainties of the
fundamental constants do not enter at a relevant level.
Because the CODATA uncertainty of μp = mp/me contributes
ðtheorÞ
most to the CODATA 2018 uncertainty of f spin-avg, we may alternatively fit mp/me. In this case, for md/mp we
I use the mean of the

two recent precise values measured with Penning traps26,28. For the
remaining fundamental constants we use the CODATA 2018 values.
We obtain
mp =me ¼
1; 836:152673384ð11Þexp ð31Þtheor;QED
ð55Þtheor;spin ð12ÞCODATA2018;Fink�Rau

ð6Þ
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with total fractional uncertainty ur = 3.5 × 10−11. The value is in
agreement with other recent precision measurements:
(1) 1; 836:152673374ð78Þexp, obtained from Penning trap
24,25
determinations
I
(2) 1; 836:152673449ð24Þexp ð25Þtheor;QED ð13ÞCODATA2018;Fink
obtained
from combining rotational spectroscopy of HD+ and
I
one Penning trap measurement of md/mp (ref. 28)
(3) 1,836.152673349(71) obtained from a HD+ vibrational overtone frequency, its theory and CODATA 2018 constants16.
We note that our result, equation (6), is limited in precision by
hyperfine structure theory. In the future, this limitation may be
overcome by an improved theory29.
In conclusion, we have demonstrated a one-photon optical spectroscopy method for ensembles of molecular ions that has achieved
a more than 104 higher fractional resolution30 and 400-fold higher
fractional accuracy than previously demonstrated30,31. We have
improved the absolute accuracy in determining a molecular-ion
hyperfine splitting by optical spectroscopy by a factor of 400. We
have also achieved an uncertainty of 3.3 × 10−12 in the experimental
determination of a vibrational transition frequency of the present
test ion, by measurement and theoretical evaluation of the systematic shifts. Because the employed test molecule is not particularly
insensitive to external perturbations, we expect that similar (10−12)
inaccuracy levels should be achievable for numerous other molecular ion species. An independent test of the accuracy was possible
by comparing our experimental composite transition frequency
with the ab initio calculation. We found agreement at the 2.9 × 10−11
level. We have also shown the usefulness of the technique for the
field of precision physics, by deriving values of fundamental mass
ratios with uncertainties close to those of the most precise measurements13,16,25,27. A possible further exploitation of the technique is
the study of molecular ions for tests of the equivalence principle32.
We believe that the present technique is applicable also to electric
quadrupole vibrational transitions of homonuclear diatomic ions33,
which are relevant for the above studies34,35.
Although we have employed a light coolant atomic ion in the
present demonstration, coolant atomic ions of larger mass are suitable for co-trapping and sympathetic cooling molecular ions of
correspondingly larger mass. Notwithstanding a coolant ion mass
upper bound of 160 u, a vast variety of singly charged molecular
ions can be covered. The experimental configuration and employed
techniques are comparatively accessible and should lend themselves
to adoption by the spectroscopy community. Future work will
explore the resolution and accuracy limits of this technique, as well
as its applicability to single-species ensembles.
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Methods

ðtheorÞ

Experimental apparatus. The ion trap apparatus used in the present work
(Fig. 1) has been described previously12,13. The ion trap has a minimum distance
between diagonally opposing electrodes of 8.6 mm. We have newly developed the
laser system, which consists of two continuous-wave high-power diode lasers
(L1, L2) emitting at 1.18 μm and 1.54 μm, whose radiation is mixed in a
periodically poled LiNbO3 crystal to produce a difference-frequency wave with a
wavelength of 5.1 μm.
L1 and L2 are each phase-locked to a femtosecond fibre frequency comb,
which is itself phase-locked to a 1.06 μm laser. We stabilize this laser to an
ultra-low-expansion glass cavity36, representing the optical flywheel reference of the
whole system. Our phase-locking scheme allows flexible tuning of the mid-infrared
radiation, limited by the tunability of the pump lasers.
The three optical beats required to implement the three phase locks are
continuously monitored with spectrum analysers. The beats exhibit RF linewidths
below 1 Hz. To independently verify the quality of the frequency comb stability, we
show in Fig. 2 (right) the beat between a fourth diode laser (1.56 μm) stabilized to
its own reference cavity37 (neither are shown in Fig. 1) and an appropriate comb
mode. This wavelength of 1.56 μm is notably different from the wavelength of
the phase-locked comb mode, 1.06 μm, so the beat is a sensitive monitor of comb
frequency noise. The full-width at half-maximum linewidth of the beat is less than
50 Hz. We infer that the linewidths of lasers L1 and L2 are also less than 50 Hz. The
linewidth of the mid-infrared radiation is probably considerably less than 100 Hz
because there is common-mode frequency noise in L1 and L2, originating from the
frequency instability of the 1.06 μm laser.
We determine the absolute optical frequencies f1 and f2 of L1 and L2 in real time
by measuring the repetition rate of the frequency comb and the carrier envelope
offset frequency fceo. A GNSS-monitored hydrogen maser (H maser in Fig. 1)
provides the reference frequency for the frequency counter. The frequency of the
mid-infrared radiation is computed as f0 = f1 − f2. Note that the value of fceo drops
out of the difference frequency. The absolute frequency measurement uncovers
the slow frequency drift of the mid-infrared radiation (of order 0.1 Hz min−1).
We take this into account during spectroscopy. The frequency instability of the
mid-infrared radiation is less than 2 × 10−13 on timescales exceeding 1 s, and drops
to below 2 × 10−14. The maser frequency itself is measured by comparison with
a one-pulse-per-second signal obtained from navigation satellites. The maser
frequency’s deviation from 10 MHz is corrected in the data analysis.
Experimental procedures. The preparation and spectroscopy sequence is a
variation of a previously described procedure13.
A destructive spectroscopy is performed, where the vibrationally excited
molecular ions are subsequently dissociated by sequential excitation by two
additional lasers (resonance-enhanced multiphoton dissociation, REMPD). The
fractional decrease in the number of trapped, intact HD+ ions is determined.
The first laser for REMPD is a continuous-wave 1,475 nm laser tuned to the
ðv0 ¼ 1; N 0 ¼ 1Þ ! ðv00 ¼ 5; N 00 ¼ 2Þ transition, and the second one is a 266 nm
I
continuous-wave
laser for subsequent dissociation.
Before the spectroscopy wave irradiation we perform 40 s of rotational laser
cooling to increase the population in the ground state (v = 0, N = 0).
An important difference compared to our previous work is that the
spectroscopy radiation and the 1,475 nm and 266 nm waves for REMPD are
not on simultaneously. Instead, we use a 5.2-s-long sequence during which
spectroscopy and REMPD lasers are alternately blocked and unblocked for
100 ms each. Power broadening of the transition by the spectroscopy laser wave
power is present but is kept moderate (Supplementary Fig. 2) by operating at
sufficiently low power. However, performing spectroscopy with high laser
power is helpful for finding transitions.
Vibrational transition. The HD+ molecule harbours four angular momenta:
electron spin, proton spin, deuteron spin and rotational angular momentum.
The associated magnetic moments cause a hyperfine structure38. The ground
rovibrational level has zero rotational angular momentum N = 0, giving rise to
four spin states with total angular momentum F = 0, 1, 2 (these and other values
are in part approximate quantum numbers). The first excited vibrational level
ðv0 ¼ 1; N 0 ¼ 1Þ has 10 spin states, with values F 0 ¼ 0; 1; 2; 3. Spin states
I A small applied magnetic
I (2F + 1)-fold degenerate in zero magnetic field.
are
field leads to a quadratic Zeeman shift for mF = 0 states, a linear shift for the
stretched states and a combined linear plus quadratic shift for the remaining
Zeeman states.
We study two spin components having the same lower state
(Supplementary Fig. 1): line 12: ðv ¼ 0; N ¼ 0; G1 ¼ 1; G2 ¼ 2; F ¼ 2Þ
! ðv0 ¼ 1; N 0 ¼ 1; G01 ¼ 1; G02 ¼I 2; F 0 ¼ 1Þ, line 16:
ðvI ¼ 0; N ¼ 0; G1 ¼ 1; G2 ¼ 2; F ¼ 2Þ ! ðv0 ¼ 1; N 0 ¼ 1; G01 ¼ 1; G02 ¼ 2; F 0 ¼ 3Þ.
I Here, G1 refers to the sum of electron and proton spin, G2 to the sum of G1 and
deuteron spin, and F to the sum of G2 and rotational angular momentum N. We
denote the transition frequencies in zero external fields by f12 and f16.
Ab initio theory of the HD vibrational transition. An ab initio transition
ðtheorÞ
ðtheorÞ
ðtheorÞ
¼ f spin-avg þ f spin;i .
frequency is composed of two contributions, f i
I
+

The main one is the spin-averaged frequency f spin-avg, the difference
between the level energies of the three-body system.
The energies include
I
the (essentially exactly calculated) non-relativistic energy plus relativistic,
quantum-electrodynamic and finite-nuclear-size corrections evaluated by
perturbation theory39. The calculated value is
ðtheorÞ

f spin-avg ¼ 58; 605; 052; 163:9ð5Þtheor;QED ð13ÞCODATA2018 kHz ðcase IÞ

ð7Þ

CODATA 2018 values23 of the fundamental constants have been used
(case I), and the frequency value is updated compared to the value presented
in ref. 40. The contributions of relative order (α0, α2, α3, α4, α5, α6) to equation (7)
are (58,604,301,249.69, 1,003,554.55, −250,978.39, −1,770.95, 109.52, −0.77) kHz.
The proton size contributes −17.17(8)CODATA2018 kHz, the deuteron size
−109.67(8)CODATA2018 kHz; these contributions are included in the term of relative
order α2. Several further corrections were added, for example stemming from
the polarizability of the deuteron, from second-order vibrational contributions
(of relative order α8) and so on, amounting to 0.26 kHz. The first uncertainty
ðtheorÞ
indicated in equation (7), uðf spin-avg Þ ¼ 0:5 kHz (8 × 10−12 fractionally), is an
estimate of the unevaluatedI QED contributions. The second uncertainty is due
to the uncertainties of the fundamental constants. Here, the most important
contribution is from the uncertainty of mp/me, 1.1 kHz.
To obtain the functional dependence of the spin-averaged
frequency on μp = mp/me we calculated, ab initio, the derivative
ðtheorÞ
∂lnf spin-avg ðμp Þ=∂lnμp jmd =mp ¼const: ¼ �0:4846, which is close to the
Born–Oppenheimer
value of  12.
I
The hyperfine structure in Iboth the ground and excited vibrational
level results in the hyperfine shifts fspin,i. The main contribution to the hyperfine
structure of each level comes from the Fermi contact interaction between
electron spin and proton spin, followed by the contact interaction between
the electron spin and the deuteron spin. These and further interactions are
described by an effective Hamiltonian38 and quantified by corresponding spin
structure coefficients: E 4 ; E 5 for the (v = 0, N = 0) level and E 01 ; ¼ ; E 09 for the
I different strengths of the interactions
I
( v0 ¼ 1; N 0 ¼ 1) level. The
in the two levels
I to a non-zero hyperfine shift. Given the aim of this work, it is important
lead
to have an accurate prediction for the hyperfine shift, implying the need for an
accurate ab initio computation of the coefficients E i . A high-precision calculation41
I
provides the set of Fermi contact interaction coefficients
Sa: ðE 4 ; E 04 ; E 5 ; E 05 Þ.
I played a role
The values E 4 ; E 5 for the ground state (v = 0, N = 0) have already
in rotationalIspectroscopy13. For the level ðv0 ¼ 1; N 0 ¼ 1Þ, E 04 ; E 05 are computed
I
here and are given in the Supplementary Information.
TheseI coefficients have
fractional theoretical uncertainties, ϵF, of order α3. We estimate ϵF = 1 × 10−6. The
set Sa contributes approximately δSa ;i ¼ ϵF ðγ i;4 E 4 ; γ 0i;4 E 04 ; γ i;5 E 5 ; γ 0i;5 E 05 Þ ’ (0.23, 0.23,
ðtheorÞ
ðtheorÞ
0.07, 0.07) kHz to both f spin;12 and
I f spin;16. The sensitivities γ i;k ; γ 0i;k are taken
from Supplementary Table
I
I 1.
I
The coefficient E 01 is the next-largest spin coefficient. It has recently been the
I
subject of intense theory
work beyond the Breit–Pauli approximation, resulting in
the value shown in Supplementary Table 1, with an improved theory uncertainty of
u01 ¼ 0:05 kHz (ref. 29 and Karr, J.-Ph. & Haidar, M., personal communication). The
I Sb comprising the remaining spin coefficients, E 02 , E 03 ; E 06 , E 07 ; E 08 ; E 09 , has been
set
I
I of relative order
computed within the Breit–Pauli approximation. ItIneglects
terms
α2, so we assume that the fractional uncertainties of the set’s elements are ϵ0 = α2.
As a result, the dominant contributions of the set ðE 01 ; Sb Þ to the uncertainties of
ðtheorÞ
ðtheorÞ
I E 06 , respectively.
f spin;12 and f spin;16 are from the coefficients E 07 and
I are I
I In summary,
I the individual spin frequencies
ðtheorÞ

f spin;12 ¼ �38; 686:1ð8Þtheor;spin kHz
ðtheorÞ

f spin;16 ¼ 2; 607:7ð9Þtheor;spin kHz

ð8Þ

The uncertainties were estimated here as
X
X
ðtheorÞ
utheor;spin ðf spin;i Þ ¼ jγ 0i;1 u01 j þ ϵ0
jγ 0i;k E 0k j þ ϵF
jγ 0i;k E 0k j þ jγ i;k E k j
k¼2;3;6;7;8;9

k¼4;5

The uncertainties from the various spin coefficients are not added quadratically
because we cannot assume that they are independent random errors. The sum of
equation (7) and equation (8) is equation (2).
ðtheorÞ
ðtheorÞ
The hyperfine splitting f spin;16 � f spin;12 depends only on the spin coefficients
of the upper level, because line
I 12 and line 16 have a common lower state.
The uncertainty of the splitting is not affected by the uncertainties of E 04 , E 05
I by
I the
because γ 012;4 ¼ γ 016;4 , γ 012;5  γ 016;5 . The uncertainty is mostly determined
uncertainties
coefficients E 06 and E 07 :
I of the next-next-largest
I
I
I
ðtheorÞ
ðtheorÞ
ð9Þ
f spin;16 � f spin;12 ¼ 41; 293:81ð44Þtheor;spin kHz
The difference of the two measured vibrational frequencies is
ðexpÞ

ðexpÞ

f spin;16 � f spin;12 ¼ 41; 294:06ð32Þexp kHz

in very good agreement with the prediction.
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Systematic shifts. We have previously computed several external-field shifts of
vibrational transition frequencies: Zeeman shift42, electric quadrupole shift43,
d.c. Stark shift, black-body radiation shift, and spin-state dependence of the d.c.
Stark and light shift44. The black-body radiation shift and electric quadrupole
shift are negligible.
The Zeeman shifts for the components mF ¼ 0 ! m0F ¼ 0 of line 12 and 16 are
−2.9 kHz G−2 and −117 kHz G−2, respectively.I For the transitions between stretched
states, mF ¼ ± 2 ! m0F ¼ ± 3 of line 16, the Zeeman shift is purely linear, with
I ∓0.55 kHz G−1.
coefficients
The light shift of the lower and upper vibrational levels due to the 313 nm
cooling radiation can be computed using the ab initio frequency-dependent
polarizability values. The latter can be calculated using the procedure
described in ref. 44. For the lower level, they have already been reported
in ref. 13. For the upper level, the scalar (s) and tensor (t) polarizabilities
are αs ðv0 ¼ 1; N 0 ¼ 1; λ ¼ 313 nmÞ ¼ 4:475 atomic units,
αt ðv0I ¼ 1; N 0 ¼ 1; λ ¼ 313 nmÞ ¼ �1:442 atomic units. They are within
I atomic units of the values for the lower level. The calculated light shift is
1.5
therefore negligible.
Following ref. 13, we also investigated the effect on the transition frequency
of a substantial displacement of the atomic ion cluster in the radial direction.
When this occurs, the HD+ ion string does not visibly shift. The deformation
was obtained by substantially changing the d.c. voltages on the two lower trap
electrodes by 5 V, shifting the beryllium cluster by ~0.10 mm orthogonally to
the trap axis. No frequency shift was observed, with an upper bound of 0.4 kHz
(Supplementary Fig. 3). The upper bound of the corresponding frequency shift of
the rotational transition13 was substantially smaller than this value. We expect the
shifts to be of similar absolute magnitude for the two cases. We therefore do not
apply any correction or uncertainty for this perturbation in our analysis. Thus, the
only systematic shifts corrected for in this work are Zeeman and trap-induced d.c.
Stark shifts (see main text).
For every measured transition line we assigned one-half of the fitted full width
as the statistical uncertainty of the line centre transition frequency.
Composite frequency. The spin theory uncertainty of the composite frequency is
computed as
P
P
P
ðexpÞ
0
utheor;spin ðf spin-avg Þ ¼ j i¼12;16
u01 j þ ϵ0 k¼2;3;6;7;8;9 P
j i¼12;16 bi γ 0i;k E 0k j
P bi γ i;1P
0
0
þϵF k¼4;5 ð j i¼12;16 bi γ i;k E k j þ j i¼12;16 bi γ i;k E k j Þ
where b16 = 1 − b12.

Previous results on high-resolution spectroscopy and mid-infrared
spectroscopy sources. We briefly review the work achieving the highest line
resolutions without the Lamb–Dicke or resolved-carrier regime. For gas-phase
neutral molecules at non-cryogenic temperature, line resolutions up to 9 × 1010
have been achieved for vibrational transitions45–47 and 7 × 109 for electronic
transitions48, using saturation or Ramsey spectroscopy (for a special case, see ref. 49).
By contrast, for atomic and molecular ions under gaseous conditions, the best
resolutions have been considerably lower. For example, saturation spectroscopy of
gas-phase molecular ions has led to 2 × 106 resolution, with absolute full linewidths
at the 50 MHz level50. Using the ion beam technique, electronic and vibrational
transitions have been observed with resolutions up to 2.5 × 106 (ref. 51) and 4 × 106
(refs. 52,53), respectively. In ion traps equipped with cooling by collisions with cold
helium buffer gas, a resolution of 3 × 106 in vibrational spectroscopy (30 MHz
linewidth) has been reached54.
Previously, one-photon vibrational spectroscopy of sympathetically cooled
molecular ion ensembles has been reported30,33,55–58. However, in these experiments,
the spectroscopy wave was irradiated along the trap axis and/or the laser linewidth
was high, leading to a highest line resolution of 2 × 107 (3 MHz absolute linewidth)30.
Difference-frequency sources for spectroscopy have been reported previously
(see ref. 59 for an overview), but had larger linewidth and/or higher frequency
instability than the present one, in addition to shorter wavelength. At 3.4 μm,
linewidths of 60 kHz (ref. 60) and more recently of 3.5 kHz (ref. 61) were achieved.
An alternative approach makes use of quantum cascade lasers. They have been
shown to allow ultra-narrow linewidth and precise frequency calibration62,63 (see
ref. 64 for a review).

Data availability

Data that support the plots within this paper and other findings of this study are
available from the corresponding author upon reasonable request. Source data are
provided with this paper.
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